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SECTION  I 
INTRODUCTION 

Because  of  their  nonlinearities  all  computations  of 
compressible  flows  must  proceed  iteratively.  The  question  of 
convergence  then  plays  an  important  role.  It  is  true  in  present 
day  methods  the  convergence  difficulties  have  been  overcome, 
usually  by  special  ingenious  methods  like  upwinding  or  density 
modification.  In  methods  based  on  residual  minimization 
convergence  is  guaranteed  from  the  outset.  The  converged  solution 
is  then  approached  in  a  manner  quite  different  from,  say,  a  finite 
difference  approach.  The  modifications  of  an  existing  approxima¬ 
tion  in  a  method  of  residual  minimization  are  of  a  global 
character  while  in  other  approaches  one  carries  out  rather 
localized  modifications  (line  relaxation  or  alternate  direction 
methods  at  best).  So  one  can  regard  residual  minimization  as  a 
genuine  alternative.  This  fact  makes  a  closer  analysis 
desirable. 

Which  of  the  approaches,  finite  differences,  finite  elements 
or  residual  minimization,  is  most  practical  can,  of  course,  be 
decided  only  by  numerical  experimentation.  In  this  regard  the 
present  report  makes  no  contribution;  it  provides  a  theoretical 
clarification  of  many  other  aspects. 

The  idea  of  residual  minimization  has  been  proposed  in  the 
past.  In  an  unsophisticated  form  it  has,  however,  the 
disadvantage  that  the  residual  functional  is  overly  sensitive 
against  short  wave  error,  while  the  elimination  of  long  wave 
errors  (which  are  more  detrimental  from  a  technical  point  of  view) 
is  rather  slow.  A  first  step  towards  an  improvement  has  been  made 


by  Johnson,  James,  and  their  co-workers  (Reference  1)  by  the  use 
of  ar.  alternative  form  of  the  basic  differential  equation.  For 
the  usual  formulation  in  terms  of  a  velocity  potential  the  idea 
has  come  to  fruition  in  the  work  of  Bristeau  and  her  co-workers 
(Reference  2).  The  present  report  takes  a  somewhat  more  general 
point  of  view.  As  far  as  Reference  2  is  concerned,  the  present 
analysis  adds  very  little  to  the  actual  procedure.  The  author 


'  >  .  ■  .  •  . 


1 


hopes,  neve rthe- less ,  that  for  some  of  the  readers  the  motivation 
given  here  will  be  welcome. 

The  idea  of  residual  minimization  will  be  applied  to  three 
different  formulations  of  the  flow  problem.  One  in  terms  of  the 
velocity  components,  a  second  one  in  terms  of  the  dependent 
variables  chosen  by  Johnson  and  James  (the  potential  and  a  vector 
potential,  or  in  two  dimensions  the  potential  and  a  the  stream 
function),  and  the  third  one  in  terms  of  the  variables  used  by 
Bristeau,  et  alii  (the  potential  and  an  auxiliary  scalar 
function ) . 

The  essential  elements  of  the  methods  are: 

1.  The  characterization  of  the  overall  residual  by  a 
non-negative  functional.  The  form  of  the  functional  depends  upon 
the  formulation  chosen.  The  flow  problem  is  solved  when  the  Euler 
equations  of  the  variational  problems  are  satisfied. 

2.  The  Euler  equations  are  solved  indirectly  by  a  search 
procedure  in  the  space  of  approximations  to  the  flow  field.  (If 
the  flow  field  is  represented  by  means  of  the  velocity  vector, 
then  an  element  of  the  function  space  is  given  by  a  vector  valued 
function  of  the  space  coordinates  (x,y,z).)  For  a  general  element 
of  the  function  space  the  flow  equations  will  not  be  satisfied: 
but  the  element  found  by  the  minimization  process  will  represent 
the  velocity  field.  In  a  flow  field  described  by  the  velocity 
potential,  the  element  of  the  function  space  is  a  scalar  function 
of  x,  y,  and  z.  The  search  procedure  will  be  carried  out  as  a 
conjugate  gradient  method.  To  define  the  gradient  in  the  function 
space  one  needs  a  definition  for  the  distance  between  two 
elements.  The  choice  of  the  distance  definition  is  crucial  in 
making  the  procedure  less  sensitive  against  short  wave  errors. 

With  obvious  modifications  the  distance  definition  proposed  in 

R eft.  2  can  be  carried  over  to  other  formulations. 

The  basic  concepts  are  discussed  in  Section  II  for  an  overly 
simple  example.  The  formulation  of  the  actual  problem  in  terms  of 


either  the  velocity  vector,  tne  variables  of  Johnson  and  James 
(potential  and  a  vector  potential),  or  the  variables  of  Bristeau 
(potential  and  an  auxiliary  scalar  function)  is  developed  in 
Sections  III,  IV,  and  V.  In  each  case  the  form  of  the  functional 
that  is  to  be  minimized  and  tne  distance  definition  in  the 
function  space  are  give.  Some  insignt  into  the  wording  of  the 
method  is  ootained  by  considering  the  Euler  equations  of  the 
variational  problem  (which  in  practice  are  solved  by  the  search 
procedure).  They  can  be  interpreted  as  partial  differential 
equations  for  the  residuals  in  the  original  equations.  The 
partial  differential  equations  are  closely  related  to  the  partial 
differential  equations  for  the  flow  field  (although  they  have 
different  dependend  variables).  The  procedure  yields  in  addition 
boundary  conditions  for  the  residuals,  they  are  of  a  nature  which 
guarantees  in  conjunction  with  the  Euler  equations  that  the 
residuals  will  be  identically  equal  to  zero  throughout  the  flow 
field.  Accordingly  one  always  has  a  combination  of  two  sets  of 
boundary  conditions,  those  of  the  or iginal ^problem  and  those  for 
the  residuals.  The  discussions  show  the  need  for  additional 
conditions  along  a  shock  (actually  they  arise  automatically). 

The  functionals  that  are  to  be  minimized  are  chosen  in  a 
manner  which  anticipates  the  Prandtl-Glauer t  coordinate 
transformation.  In  a  subsonic  field  this  leads  to  a  quick 
convergence  in  the  distant  field.  Althougn  residual  minimization 
is  not  practical  in  supersonic  problems,  the  method  is  discussed 
for  such  cases  because  of  two  reasons. 

1.  The  method  of  residual  minimization  would  be  of 
questionable  value  in  transonic  problems  if  it  should  fail  in 
purely  supersonic  problems. 

2.  It  is  of  some  interest  to  see  whether  the  method  can  be 
carried  over  to  time  dependent  problems;  a  purely  supersonic 
ur^Dlem  can  be  regarded  as  a  simple  prototype. 

In  the  variables  of  Johnson  and  James,  the  boundary 
conditions  for  tne  auxiliary  vector  potential  are  of  somewhat 
unorthodox  nature,  because  they  involve  derivatives  of  the  same 
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order  as  those  that  occur  in  the  partial  differential  equations. 
Besides,  the  vector  potential  is  not  uniquely  determined.  Tne 
boundary  conditions  can  oe  reformulated  and  auxiliary  conditions 
can  be  introduced  which  make  the  vector  potential  unique.  A 
detailed  discussion  is  included  in  Section  IV.  Also  discussed  in 
these  sections  is  the  treatment  of  shocks,  either  by  shocx 
capturing  or  by  shock  identification. 

Two-dimensional  flow  fields  with  circulations  or  three- 
dimensional  flow  fields  with  a  wane  require  special  modifications. 
Section  VI  gives  neuristic  discussions  regarding  the  nature  of 
certain  free  parameters  which  must  be  properly  chosen  and  the 
special  role  of  the  Kutta  condition. 

Euler  codes  are  frequently  used  to  capture  wakes  as  well  as 
shocxs.  In  transonic  flow  tne  entropy  change  in  the  shock  is 
negligible.  The  whole  flow  field,  except  for  wake  is  therefore 
i r rotat lonal .  Section  VII  gives  an  overview  of  the  equation  for 
steady,  isentropic,  isoenergetic  flows.  The  flow  differential 
equations  can  be  expressed  solely  in  terms  of  the  velocity  vector. 
It  is,  therefore,  possiole  to  modify  the  functional  that  is  to  be 
minimize  ’  in  such  a  way  that  waxe  capturing  becomes  possible.  Of 
course,  no  claim  of  novelty  can  be  made  to  this  review  of  the 
basic  equations.  It  has  been  carried  out  to  give  a  clear  picture 
of  tne  relation  between  different  formulations. 

At  the  outer  edge  of  the  computed  part  of  tne  flow  field  one 
must  impose  boundary  conditions  of  some  form.  For  initial 
numerical  experiments  it  is  probably  sufficient  if  one  taxes 
examples  tor  a  body  within  a  wind  tunnel.  Then  there  is  no  doubt 
uoout  tne  conditions  tnat  are  to  be  imposed.  But  actually  one  is 
concerned  with  the  flow  in  free  air.  It  is  suggested  that  the 
distant  £ield  (i.e.  tne  field  outside  of  the  computed  part  of  the 
flow  :  be  regarded  as  a  superelement  with  a  finite  number  of 

shape  functions  whicn  satisfy  the  flow  equations  (actually  in 
their  linearized  form).  The  coefficients  of  the  particular 
solutions  are  tne  snape  parameters.  In  tne  distant  field  tnere 
are  no  residuals,  out  variations  of  the  shape  parameters  affect 


4 


the  computed  part  of  the  flow  field  because  of  the  matching 
between  computed  and  distant  field.  Section  VIII  derives 
formulae  for  particular  solutions  in  the  distant  field. 

Two-  and  three-dimensional  flows  with  circulation  differ  in 
so  far  as  in  two  dimensions  no  identification  of  the  watte  is 
necessary  and  also  because  in  two  dimensions  the  contribution  of 
the  circulation  in  the  distant  field  can  be  expressed  by  an  exact 
solution  of  the  linearized  equations.  In  three  dimensions  one 
must  introduce  in  the  distant  field  an  approximation  for  the 
position  of  the  wake  and  approximations  for  the  effect  of  the 
vorticity  distribution  within  the  wane  on  the  outer  boundary  of 
the  computed  flow  field.  Sections  IX  and  X  discuss  far  field 
conditions  and  circulation  effects  for  two-  and  three-dimensional 
problems.  A  simple  example  shown  in  Section  X  gives  some  insight 
into  the  effect  of  a  .mismatch  between  the  wake  in  the  computed 
part  of  the  flow  field  and  in  the  distant  field.  While  (in 
suosonic  flow)  local  errors  die  out  exponentially  with  distance, 
there  are  errors  in  the  wake  region  generated  at  the  far  boundary 
wmch  die  out  only  linearly. 

In  Section  XI  the  concept  of  density  modification  (which  is 
suggested  as  a  means  of  stabilizing  the  flow  field  in  the 
supersonic  region)  is  studied  in  an  idealized  form.  In  the 
interpretation  given  nere  density  modification  introduces  in  the 
flow  differential  equations  a  derivative  in  the  flow  direction 
which  is  one  order  nigner  than  the  derivatives  of  the  original 
formulation.  A  simple  example  demonstrates  that  density 
modification  gives  some  damping  to  particular  solutions  which  are 
present  without  this  measure,  but  in  addition  it  introduces  a  new 
type  of  particular  solutions.  As  one  proceeds  downstream, 
particular  solutions  of  tnis  type  decrease  very  fast  in  a  subsonic 
region  and  increase  very  fast  in  a  supersonic  region.  In  a  one- 
o  ..tens  ional  example  of  tne  flow  thro.  =»  Laval  nozzle  one 
recognizes  that  a  solution  of  this  type  causes  the  velocity  to 
oreax  away  earner  suddenly  from  a  supersonic  basic  solution  toward 
smaller  velocities  urtil  subsonic  velocities  are  reacned,  and  then 
the  cu've  attacne..  itself  to  a  subsonic  flow  which  is  very  close 


to  one  without  density  modification.  Here  this  type  of  particular 
solution  yields  a  smoothed  out  form  of  a  shock.  The  Section 
includes  some  remarks  about  an  other  condition  by  which  one  can 
discriminate  against  expansion  shocks. 

The  last  Sections  consider  the  working  of  the  method  in 
discretized  form  for  linearized  supersonic  flows.  Considered  are 
the  Bristeau  formulation  and  an  approach  in  terms  of  the  variables 
of  Johnson  and  James  (here  $  and  4* )  .  The  discussions  are  the 
counterpart  of  a  von  Neumann  analysis,  but  because  residual 
minimization  is  a  global  concept  one  must  consider  the  flow  field 
as  a  whole.  As  always,  one  studies  the  behavior  of  particular 
solutions.  In  the  $  ,  4/  method  the  boundary  conditions  for  the 
Euler  equations  of  the  variational  problem  in  the  exit  cross 
section  are  important.  The  method  of  Bristeau  is  found  to  be 
dispersive  (even  if  one  does  not  apply  special  measures  as  density 
modification).  Under  certain  circumstances  it  may  become  unstable 
(even  though  the  concept  of  residual  minimization  guarantees 
convergence).  The  41,4/  method  is  always  stable,  it  introduces 
amplitude  and  phase  errors  simultaneously.  Both  methods  are 
sensitive  against  a  nonalignment  of  the  grid  with  respect  to  the 
velocity  direction.  The  results  show  that  a  rather  fine  grid  is 
necessary  to  give  an  acceptable  accuracy. 

During  these  investigations  the  author  found  that  one  must 
nuard  rather  carefully  against  carrying  over  intuitive  concepts 
that  nave  evolved  in  other  approaches  to  the  method  of  residual 
minimization.  This,  and  not  an  inherent  complexity  of  the 
methods,  is  one  reason  for  the  lenqth  of  the  present  report. 


SECTION  II 

AN  ILLUSTRATIVE  EXAMPLE 

The  purpose  of  this  section  is  to  bring  the  essential  ideas 
into  focus  by  means  of  a  simple  example.  We  consider  the 
linearized  potential  equation  for  compressible  flow 

(i-M2Hxx  -  «yy  +  *Z2  *  o  (1) 

(M  is  the  free  stream  Mach  number,  $  the  velocity  potential  x,y,z 
refers  to  a  Cartesian  system  of  coordinates  in  which  the  x  axis 
is  aligned  with  the  free  stream  direction.)  We  restrict  our 
attention  to  the  error  incurred  in  different  approximations  for 
ip.  Then  it  suffices,  if  one  considers  homogeneous  boundary 
conditions.  In  the  example  to  be  discussed  we  confine  ourselves 
to  regions  bounded  by  planes  x  =  const,  y  =  const,  and  z  =  const. 
At  the  bounding  surfaces  we  prescribe  $  =  0.  Alternatively  one 
can  regard  the  expressions  to  be  discussed  as  the  terms  of  a 
Fourier  development  in  the  infinite  space.  The  present 
discussions  is  facilitated  by  the  fact  that  the  operator  in 
Eq .  (1)  commutes  with  the  Laplace  operator.  Now  let  $  be  the 
error  in  some  approximation  to  the  solution  (which  would  be 
defined  by  inhomogeneous  boundary  conditions) .  The  residual  is 
then  given  by  the  left  side  of  Eq.  (1).  Minimizing  the  residual, 
one  postulates 


J  =  J  [  ( 1-M  )pxx  +  +  <PZZ]  dT  =  Min  (2) 

where  r.  is  the  region  considered  and  dT  =  dxdydz  is  the  volume 
element.  The  error  $  can  be  represented  by  a  linear  combination 
of  <•  igenf unctions  of  the  operator  defined  by  the  left  side  of 

E^.  (1) 


<P  =  Zc .  sin(  a.  x)  sin(  6  .  y )  si  n  (  y  .  z) 


The  constants  a^,  6^#  and  y^  are  chosen  so  that  the  boundary 
conditions  prescribed  at  the  planes  x  =  const,  y  =  const,  z  = 
const  are  satisfied.  Because  of  the  orthogonality  of  the 
individual  terms,  one  then  obtains  for  tne  integral  J,  (Eq.  (2)) 
except  for  a  normalization  constant 

2  2  2  2  2  2 

J  =  I  c^t(l->Oc^  +  8^  +  y  ~_\  (4) 

The  minimization  gives,  of  course,  c ^  =  0.  One  has  to  minimize  a 
quadratic  function  of  the  c^'s  (nere  it  appears  in  the  simplest 
possible  form).  For  large  a^,  bl,  or  y ^  (that  is  for  short  wave 
errors)  the  coefficient  of  the  c^  are  very  large.  Geometrically 
speaking,  one  has  to  find  the  center  of  extremely  elongated 
ellipsoids  in  the  c^  space.  Even  if  one  truncates  the  sum  a 
search  process  will  converge  extremely  slowly. 

We  define  the  scalar  product  of  two  vectors  c  and  d  (with 
components  c ^  and  d ^ )  in  the  c^  space  by 

[c,3]  =  rcidi  (5) 

i 

and  the  gradient  vector  in  the  c^  space  by  g  with  components  g^. 
Tnen  one  finds  from  Eq.  (4) 

gi  =  2c  i  [  ( 1-M2  )a  2  +  fi2  +  Y  2 1  2 

The  equivalent  of  the  gradient  is  a  function  in  the  x,y,z  space 
given  oy 

g  ;  x  ,  y  ,  z  )  = 


2  2  2  2  2 

2ci((l-M  )ax  +  8L  +  y  i  ]  sin(aix)sin(0  iy)sin(yiz) 


(6) 


If  the  original  function  $  is  twice  differentiable,  then  the 
residual 


r ( x ,y , z , )  = 

2  2  2  2 

I  ci[(l-M  )ai  +  8^^  +  y  ^  ]  sin(a^x)sin(8  ^y  )  s  i  n(  y  ^  z ) 

will  exist.  This,  however,  is  not  sufficient  to  ensure  the 
existence  of  the  gradient  function  g(x,y,z)  because  there  one 
encounters  the  square  of  the  bracket,  except  of  course  if  one 
truncates  the  infinite  series  which  amounts  to  an  artificially 
smoothing . 

Part  of  the  remedy  proposed  by  Bristeau,  et  al.,  is  the 
introduction  of  an  auxiliary  function  5,  defined  by 

as  =  residual  =  (1-M2)*xx  +  *yy  +  $zz  (7) 

(Here  a  is  the  Laplace  operator).  Imposing  suitable  homogeneous 
boundary  conditions  for  5,  one  finds  that  5  =  0  if  the  residual 
vanishes.  One  obtains  here 

( 1— M  )  a  •  +6  +y  ■ 

5  *  £  ci  - j — -  sin(aix)sin(siy)sin(Yiz) 

i 

The  function  5  converges  in  the  same  manner  as  $ .  One  uses  t  to 
define  a  different  functional  which  is  minimized  if  the  residual 
vanished.  At  this  stage  one  has  several  options.  One  can  for 
instance  choose 


J 


(9) 


or 


r 

j 


grad  £ 

a 


g  r  ad  £d  t 


Min 


This  gives,  except  for  a  constant  factor  respectively 


s 
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2 

Ci 


2  2 
(1-M^) or 
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a2t 
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2.2 

0  ■  +  Y  ■ 

1  1 


Min 


(10) 


or 


i  c. 


2  [(1-M2)aj  + 


2,  2 


2  +  r*+  r 


=  Min 


6i 


(ID 


Each  option  leads  to  c.  =  0  for  all  values  of  i,  but  the 
formulations  differ  in  the  manner  in  which  they  assign  weight  to 
the  different  components  of  the  error.  The  first  formulation 
gives  nearly  the  same  weights  to  particular  solutions  (with  equal 
amplitude)  for  errors  in  $ ,  the  second  one  gives  nearly  equal 
weight  for  errors  in  the  velocity  grad  independent  of  the 
waviness  of  the  particular  solutions.  Physically  the  second 
alternative  might  appear  preferable,  although  long  wave  errors 
have  a  larger  cumulative  effect. 

An  alternative  formulation  is  best  explained  for  the  two- 
dimensional  problem.  The  Cauchy  Riemann  equations  are  the 
equivalent  of  the  Laplace  equation.  Introducing  velocity 
components  u  and  v  for,  respectively,  the  x  and  y  directions,  one 
r.as  (in  analogy  to  the  Cauchy  Riemann  equations) 

( 1~M2 ) u  +  v  =  0 


Equations  of  the  same  type  (but  with  different  boundary 
conditions)  are  obtained  by  introducing  a  potential  and  a  stream 
function.  One  then  obtains  as  an  alternative  to  Eq.  (1)  in  two 
dimensions 


(1-M2) ♦x 


(13) 


The  use  of  a  potential  and  a  stream  function  (or  in  three 
dimension  of  a  vector  potential)  has  been  proposed  by  Johnson,  et 
al.  One  notices  that  in  order  to  obtain  the  velocity  components 
in  the  formulation  Eq.  (12)  as  well  as  in  Eq.  (1)  one  needs  a 
differentiation.  To  obtain  the  same  accuracy  with  Eq.  (12)  on 
one  hand  and  Eqs.  (13)  and  (1)  on  the  other  hand,  one  needs  in 
the  second  case  either  more  sophisticated  shape  functions  or 
smaller  elements. 

For  solving  Eq .  (12)  one  now  postulates 

J  =  { [ ( 1-M2 ) u  +  v  ] 2  +  [u  -  v  ] 2  }d  t  =  Min  (14) 

Ja  y  y  x 

Setting 


J 


(  16) 


■  l[-(l-M2  )ci0i  +  d18il2  +  l  c  i  6  -  d^aj2 

Tms  formulation  procedure  has  the  advantage  that  one  does  not 
need  to  solve  the  Laplace  equation  in  order  to  evaluate  the 
function  that  is  to  oe  minimized.  In  the  formulation  of  Eq.  (2) 
which  leads  to  Eq.  (4)  the  and  B^  occur  in  the  fourth  power, 
here  as  well  as  in  the  formulation  which  arises  from  Eq.  (9)  one 
encounters  as  dominant  for  large  and  B ^  only  second  powers. 

At  least  for  the  formulation  in  terms  of  $  and  *  one  again  gives 
about  equal  weight  to  errors  in  the  velocities  pertaining  to 
different  particular  solutions  .  In  the  formulation  in  terms  of 
the  velocity  components  u  and  v  one  obtains  greater  weight  on 
short  wave  particular  solutions  for  the  errors  in  the  velocity 
components.  But  at  least  one  does  not  encounter  ellipsoids  which 
are  quite  as  extremely  elongated. 

The  ultimate  aim  of  each  of  these  procedures  is  the 
solution  of  the  Euler  equation  of  the  variational  problem.  The 
technique  to  be  applied  is  some  search  procedure  (not  a  direct 
solution);  of  direct  interest  is  not  the  value  of  the  minimum 
(wnich  is  close  to  zero  in  any  case)  but  its  location'.  Because 
we  are  dealing  with  expressions  for  the  errors,  the  minimum  will 
lie  in  the  present  examples  at  c^  =  0  for  all  i.  The  technique 
proposed  for  the  search  procedure  is  the  method  of  conjugate 
gradients.  The  definition  of  a  gradient  presupposes  the 
definition  of  the  distance  between  two  elements  of  the  function 
space  in  question.  In  the  above  approaches  such  elements  are 
given  by  «(x,y,z),  or  u(x,y)  and  v(x,y),  or  $(x,y)  and  -j»(x,y). 

The  distance  is  implied  Dy  the  definition  of  a  scalar  product, 
hviice  th  t  the  definition  of  the  distance  has  no  effect  on  the 
-oration  of  the  minimum,  it  has,  however,  an  effect  on  the  manner 
i.n  which  one  approaches  the  minimum  by  iteration.  A  definition 


of  the  distance  which  might  appear  natural  has  been  given  above. 
Bristeau  and  her  co-workers  propose  a  more  sophisticated 
definition  of  the  scalar  product. 

Let  ^  and  $2  be  two  elements  of  the  $  space.  The 
definition  of  the  scalar  product  analogous  to  tnat  in  Eq.  (5)  is 


o 


j  ♦1(x,y,z) $2(x,y,z)d  r 

a 


Bristeau  uses  instead 


grad  $2d  t 


(17) 


(18) 


To  illustrate  the  idea  further  one  might  also  discuss 


’1' 


*2  ^  2 


A  A  $2 d  t 


(19) 


A  thorough  mathematical  justification  is  found  in  the  original 
paper  of  Bristeau,  et  al.  Here  we  restrict  ourself  to  the 
manipulative  part.  Using  the  formulation  (Eq.  (2))  of  the 
functional,  one  obtains  from  Eq .  (4)  for  the  variation  6J  of  J 


6J  =  Z  2ci«ci[(l-M2)<^  +  +  y2)2 

i  "  *  *■ 


(20) 


To  find  the  function  which  is  the  analogue  to  the  gradient 
vector,  we  write 


6J  =  [  g  ,  6  4>  J 


As  before,  we  write 


9 


idsin(  a.  x )  sin(  0.  y ) sin(  y-z) 


(21) 


One  always  has 


6$  =  z sc^s in( a^x ) sin( s^y ) sin( y^z ) 


Using  the  scalar  product  [  ]2,  Eq .  (19),  one  obtains  (except  for 
a  normalization  constant), 


[g,  6*J2  =  z  di6ci(a^  +  b2  +  y2  1 


Hence  by  comparing  with  Eq.  (20) 


[  (  1— M2  )  a2  +  &2  +  y?  1  2 

d  =2  c  —  _ - _ - _ 1 

l  i  2  2  22 

K  +  ®i  +  n> 


(22) 


(23) 


One  obtains  a  gradient  function  which  has  the  same  convergence 
characteristics  as  the  original  function  $.  The  drawback  of  this 
definition  of  the  scalar  product  lies  in  the  fact,  that  one  must 
solve  a  bi-narmonic  equation  in  order  to  determine  g.  Tnis  is 
seen  in  the  following  manner.  One  has  to  solve 


f  ,  f  ,  2 

j  Ag  6  A$d  t  -  2  i  [  ( 1— M  )  $  +  4>  + 

xx  yy 


»  J  [  (  1-M  )  64>  + 

'zz'  vxx 


6  4>  + 

yy 


Carrying  out  integrations  by  part  on  the  left  and  on  the  right 
(and  omitting,  for  simplicity,  the  terms  which  arise  at  the 
boundaries)  one  obtains 


r 


A  Ag  6  4>d  t  =  2 


71 


[ ( 1-M2  ) — K 


3X 


ay 


3Z 


3  2 

^-J  [  1— M  C  )  *  + 

2  xx 


4  +  4>  ]  6  ^d  t 

yy  zz'  * 


Hence 


2  2  2 

AAg  =  2  [  (  1-M2)-—-  +  — J  t  (  1-M2)  «xx  +  <>  +  *Z2  )  • 

ax  ay  az 


The  gradient  vector  must  be  determined  at  the  point  of  the 
function  space  to  whicn  one  has  been  led  by  the  preceding 


iteration  step.  This  is  a  specific  function  *.  The  rignt-hand 
side  is,  therefore,  known.  The  gradient  function  g  is,  therefore, 
determined  from  an  inhomogeneous  bi-harmonic  equation. 

The  use  of  the  scalar  product  Eqs.  (17)  and  (18)  in 
conjunction  with  tne  definition  (Eq.  (2))  for  the  functional  that 
is  to  be  minimized  gives  a  gradient  vector  that  does  not  belong 
to  the  space  of  admissible  functions  4>. 

Bristeau  actually  minimizes  the  functional  Eq.  (9)  and  uses 
(for  the  search  procedure)  the  scalar  product  Eq.  (18).  The 
variation  of  J  is  then  obtained  from  Eq.  (16) 


5  J  = 


2  Ec^  fic^ 
i 


2  2  2  2  7 

[(l-M^)a  l  + 

_  _ 

a  +  B  +  y 

l  l  l 


With  the  definition  of  Eq.  (21),  the  gradient  vector  is  obtained 

[g  *<5$]^  =  fic^  (  +  B^  +  y  ^  ) 


By  comparing  these  two  equations  one  obtains 


d  . 
i 


2ci 


2  2  7  2  7 

((l-M-)a^  +  ® i  +  V 

7~ 2  2  272 

K  +  B?  +  Y-P 


(24) 


The  gradient  vector  is  the  same  for  the  two  approaches  (at  least 
in  this  example).  In  the  method  just  described  one  must  solve 
Poisson  equations  twice,  once  to  determine  £,  the  second  time  to 
determine  the  gradient  vector.  In  a  conjugate  gradient  method 
one  carries  out  one-dimensional  searches,  during  this  process  one 
must  evaluate  the  functional  J  and,  therefore,  also  the  function 
j;  several  times.  Each  evaluation  of  5  requires  one  application 
of  a  Poisson  solver. 

The  solution  of  the  bi-harmonic  equation  is  roughly 
equivalent  to  two  applications  of  a  Poisson  solver.  In  the 
method  described  first  it  is  not  necessary  for  the  determination 


15 


of  the  functional  J,  which  is  encountered  n  the  search  procedure, 
that  one  solve  partial  differential  equations. 


In  an  approach  based  on  the  formulation  Eq.  (12)  (or  (13)) 
of  the  basic  equations  one  has  elements  in  the  u,v  space  defined 
by 

u  =  zc  .cos ( a^x ) s in( 8 ^y ) 
i 

v  =  zd . s in( a^x ) cos ( 8 ^y ) 
i 

The  functional  to  be  minimized  is  given  in  Eq .  (16).  Then 

5J  =  2I6ci{-(l-M2)ai[-(l-M2)ciai  +  +  S^c^  -  d^J) 

+  2E6di{Bil-(l-M2)cia.  +  d-.Bj  -  a^C^  -  d^]} 

Tne  scalar  product  in  the  u,v  space  is  defined  by 

f 

[  (u,v)  ,  (g1,g2)  ]  =  j  (gradu  *  gradg^^  +  gradv  •  gradg^dx 

We  set 


Hence 


9l,i  '  2 


-(1-M2)a. [-(1-M2)c. a.  +  d.6.]  +  B.[c.B.  -  d.o.l 
_ l_ _ l  l _ l  l _ l  li _ l  l J 

(“i  +  *i> 


*2,i  =  2 


Bi[-(1-M  )cio.  +  di8.]  -  ai[ci6i  -  d.a.] 
—  _ 

(a2  +  B2) 


The  powers  of  a.  and  B.  in  the  numerators  and  denominators  of 

li 

these  expressions  are  the  same,  the  components  of  the  gradient 
vector  g^  and  g^  converge  therefore  in  the  same  manner  as  the 
velocity  components  u  and  v.  In  other  words,  the  gradient  vector 
lies  within  the  u,v  space. 

By  using  in  this  approach  the  [  ,  ]  definition  involving 
the  gradients  in  the  u,v  space,  one  considers  distances  which 
correspond  to  high  frequency  waviness  errors  as  large  in 
comparison  to  distances  in  the  direction  of  low  waviness  errors. 
This  compensates  for  the  fact  that  in  the  definition  of  J  high 
waviness  contributions  (in  the  velocity)  have  more  weight  than 
low  waviness  contributions:  the  hyperellipsoids  are,  therefore, 
closer  to  hyperspheres,  which  facilitates  the  search  procedure. 

If  the  Mach  number  is  0,  then  all  procedures  lead  to  exact 
spheres,  the  method  of  steepest  descend  (which  is  the  first  step 
in  a  conjugate  gradient  method)  reaches  the  minimum  in  one  step. 

Because  of  the  shortcuts  which  are  possible  in  this  simple 
example  these  discussions  are  somewhat  deceptive:  but  they  show 
the  guiding  ideas.  One  should  be  aware  of  the  fact  that  the 
definition  of  the  functional  to  be  minimized,  and  the  distance 
definition  for  the  function  space  are  separate  entities. 
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SECTION  III 


RESIDUAL  MINIMIZATION  FOR  STEADY  COMPRESSIBLE 
FLOWS  TREATED  IN  TERMS  OF  THE  VELOCITY  COMPONENTS 

The  basic  equations  are  given  by 

div( pw)  =  0  (25) 

curl  w  =  0  (26) 

where  w  is  the  velocity  vector  and  p  the  density.  We  assume  that 
p  and  w  are  made  dimensionless,  respectively,  with  density  and 
velocity  at  sonic  speed.  Then  one  has  for  a  gas  with  constant 
ratio  y  of  the  specific  heats 

o  =  [ ( ( Y+l ) /2 )  -  ((y-1)/2)w2]1/( Y_1)  (27) 

It  might  seem  as  if  Eqs.  (25)  and  (26)  represent  four  equations 
for  w.  One  will,  however,  remember  that  the  individual 
components  of  Eq .  (26)  are  connected  to  each  other  by 

div  cur  1  w  =  0 . 

The  boundary  conditions  are  familiar  from  the  formulation 
* n  terms  of  the  potential.  Let  r  be  the  boundary  of  the  region  ft 
in  which  the  problem  is  to  be  solved.  One  prescribes  the 
: : tential  along  a  portion  of  r  ,  and  the  mass  flow  normal  to 
-he  boundary  along  a  portion  r 2-  In  subsonic  flows  r ^  and  r2  do 
not  overlap  and  their  union  gives  r-  In  supersonic  flows  and 
. „  overlap  in  the  entrance  cross  section  and  their  union  does  not 
. nciude  the  exit  cross  section. 

-¥  -*■ 

Let  m  =  pw  be  the  mass  flow  vector.  One  has  along  r2 

rn  •  e  ^  -  f  (  x  ,  y  ,  2 )  =  0  x,y,z^r2  (28) 

<-nere  e  is  the  unit  vector  in  the  direction  of  the  normal  to  r. 


If  the  potential  $  is  given  along  r^,  one  can  evaluate  grad  $  x  en 
and  thus  obtains  the  boundary  condition 

w  x  -  grad  $  x  =  0  x,y,z  er1  (29) 

The  boundary  condition  expressed  on  in  this  form  guarantee 
that  the  velocity  components  given  within  the  surface  are 
compatible  with  Eq.  (26). 

The  boundary  conditions  Eq .  (28)  and  (29)  do  not  always 

determine  the  solution  uniquely.  Consider,  for  instance,  a 

subsonic  parallel  flow  through  a  channel  with  constant  cross 

section.  The  side  walls  belong  to  V there  one  has  obviously 

m*e  =0.  A  well  determined  flow  field  is  obtained  if  one 
n 

-f 

prescribes  m*en  =  const  in  the  entrance  cross  section,  (where  the 
constant  is  determined  by  the  Mach  number)  and  $  =  const  in  the 
exit  cross  section.  Then,  according  to  Eq .  (29),  w  x  =  0  in 
the  exit  cross  section. 

At  least  mathematically,  one  may  impose  the  following 

alternative  boundary  conditions :  $  =  c^  in  the  entrance  cross 

section,  $  =  c2  in  the  exit  cross  section,  where  the  difference 

C2  ”  C1  "*"s  determined  by  the  Mach  number  and  the  length  of  the 

tunnel.  Here  it  is  obviously  not  sufficient  if  one  sets  w  x  e  = 

n 

0  in  the  entrance  and  the  exit  cross  sections,  for  these 
conditions  are  compatible  with  a  parallel  flow  of  any  Mach 
number.  To  attain  uniqueness  one  may  add  the  requirement  that 
the  difference  of  the  potential  between  the  entrance  and  the  exit 
cross  section  has  an  assigned  value 

B 

f, 
i 

A 

In  this  formulation  the  difference  of  the  potential  is 
expressed  by  the  integral  along  some  path  connecting  a  point  A  of 
the  entrance  cross  section  with  a  point  B  of  the  exit  cross 
section.  Physically  more  natural  are  conditions  which  (in  the 
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present  example)  require  that  the  potential  in  the  entrance  and 
in  the  exit  cross  section  be  constant,  but  leaves  tnese  constants 
undetermined.  This  yields  the  requirement  w  x  en  =  0,  the 
velocity  vector  is  normal  to  these  surfaces.  Instead  of  the 
potential  difference  one  prescribes  the  total  mass  flow  through 
the  entrance  cross  section. 


J  in*endo  -  c  =  0  (29b) 

Pl,l 

Here  ^  is  the  entrance  cross  section.  Because  m  is  a 
nonlinear  function  of  w,  this  is  a  nonlinear  condition.  In  all 
practical  cases  such  supplementary  conditions  can  be  found  by 
inspection. 

We  make  the  following  observation  of  a  theoretical  nature. 
Eqs.  (25)  and  (26)  define  an  operator  operating  on  w.  The  usual 
definition  of  an  operator  includes  the  domain  of  the  operator, 
the  domain  is  given  by  all  functions  which  satisfy  the  boundary 
conditions  (Eqs.  (28)  and  (29)).  But  m  is  a  nonlinear  function 
of  w.  The  domain  of  the  operator,  therefore,  depends  upon  the 
functions  on  which  it  operates.  The  domain  defines  the  space  of 
functions  admissible  in  the  minimization  process.  In  this 
proolem  this  is  not  necessarily  a  linear  space.  If  w^^  is  an 
admissible  function,  then  w^^  multiplied  by  a  constant  is  not 
necessarily  an  admissiole  function,  because  it  might  not  satisfy 
Eq.  (28).  (This  observation  does  not  apply,  if  f(x,y,z)=0.) 

This  has  the  following  practical  consequence.  The  process  of 
residual  minimization  is  carried  out  by  a  sequence  of  linear 
searches.  For  a  function  w  given  by 


w  =  w 


(1) 


+  aw 


(2) 


One  forms  the  functional  that  is  to  be  minimized,  a  is  the 
parameter  to  be  varied  during  the  search,  w^^  is  an  admissible 
function,  so  is  the  whole  expression  w  for  a  small  of  first 


20 


order.  But  w  need  not  be  an  admissible  function  for  a  not 
infinitesimally  small. 

The  functional  to  be  minimized  is  given  by 

' 

J,(  w)  =  (1/2)  [(div  m)2  +  curl  w  •  curl  w  ]dt  (30 

1  a 

where  dT  is  the  volume  element  in  the  space  of  Cartesian 
coordinates  x,y,z.  We  shall  denote  the  components  of  w  in  the  x 
y,  and  z  directions  respectively  by  subscripts  1,  2,  and  3. 
Subscripts  x,  y,  and  z  are  reserved  for  partial  derivatives.  In 
this  formulation  w  is  subject  to  the  boundary  conditions,  Eqs. 
(28)  and  (29).  Tnis  formulation  is  practical  only  if  the 
function  f  occuring  in  Eq.  (28)  is  zero  and  if  an  additional 
condition  of  the  type  Eq.  (29a)  or  (29b)  is  not  needed. 

Tne  space  of  admissible  functions  can  be  extended  to  a 
linear  space  if  one  includes  the  boundary  conditions  in  the 
definition  of  the  functional  that  is  to  be  minimized. 

/ 

J„(w)  =  (1/2  ((div  m)2  +  curl  w  •  curl  w]dt 
2  6 

+  (c./2)  ((w  -  grad  <t> )  x  en]2do  (3J 

rl 

' 

+  (c2/2)  [m  •  e  -  f]2do 
^  }v  n 

2 

f 

+  (c^/2){  m»endo  -  c)do) 
rll 

do  denotes  the  scalar  surface  element.  In  this  formulation  no 
boundary  conditions  are  imposed  on  w. 

In  the  discretized  form  of  the  problem  this  formulation 
balances  the  failure  to  satisfy  the  boundary  conditions 
exactly  against  the  failure  to  satisfy  tne  partial  differential 


equations.  It  is  interesting  to  note  that  in  the  Bateman  minimum 
formulation  for  subsonic  flows  such  a  balancing  for  the  boundary 
condition  Eq.  (28)  (the  mass  flow  through  the  boundary)  appears 
automatically.  The  Bateman  formulation  cannot  accommodate  a 
similar  balancing  for  the  potential. 

The  mass  flow  vector  m  is  a  function  of  w.  Let 

_  2.  -♦  +  ♦ 

lim  e  [m(w+ev)  -  m(w)]  =  Mv  (32) 

£-0 

M  is  an  operator  operating  on  the  vector  valued  function  v.  M 
depends  upon  w.  It  can  be  written  in  the  form  of  a  symmetric 
matrix 


Mv  =  o 


i  2/2 

1  -  w1/a 


~w1w2/a‘ 


-wxw3/a4 


-w1 w2/a‘ 


,  2,2 

1  -  w2 /a 


-w2w3/a‘ 


-wlw3/a‘ 


-w2w3/a‘ 


1  -  w2/a2J 


(33) 


with 


a2  =  ( ( y+1 ) /2 )  -  ( ( y-1 ) /2 ) w2 


(34) 


Varying  w  in  Eq.  (31)  one  obtains 


* J  =  (div  m  div(Sm)  +  curl  w  •  curl(5w)}dx 
2 


+  c.  [  [  (w  -  grad  ♦)  x  e  ]  ’[Swxe  ]do 

J-  Jr.  n  n 

1 


(35) 


'2  J 


+  c,  (f 


[m  •  e  -  f][im  •  e  ] do 
n  n 


-  c)j 


m  *e  do 


5m  *e  do 


Because  of  Eq.  (32)  one  has 


am  =  Maw 


No  boundary  conditions  are  imposed  on  aw.  In  principle,  Eq .  (35) 
is  the  starting  point  for  the  numerical  evaluation  of  the 
gradient  vector  in  the  w  space  for  tne  discretized  form  of  the 
problem.  We  derive  the  Euler  equations  of  the  variational 
problem.  Some  observations  about  the  numerical  aspects  are  made 
at  the  end  of  this  section.  The  following  discussion  is  carried 
out  to  provide  some  theoretical  insight.  In  the  numerical  work 
many  of  the  equations  which  appear  in  this  discussion  will  be 
bypassed . 

To  transform  the  integrals  one  uses  the  following  relations 


div  b  dt  =  a(b«en)do  -  b*grad  a  dt 


(36) 


Here 


c*curl  cf  d  t  »  -  j  [c,cf,e  ]do  +  f  curl  c*cT  dt 

r  ^  '  n 


[c,cT,en]  =  (c  xdf)  *en 


is  the  mixed  product.  We  note  the  familiar  relations 


I  a ,  ,  e  n  ]  =  [  e  n ,  c  ,  df )  =  [  d  ,  e  n  ,  c  ]  = 


-len,d*,c] 


Identifying  in  Eq.  (35)  div  m  and  5m  *  M 6w  with,  respectively  a 
and  fcT  in  Eq.  (36),  and  curl  w  and  6w  with  respectively  c  and  &  in 
(37),  applying  one  of  the  relations  (Eq.  (38))  and  using  the 
fact  that  the  matrix  M  is  symmetric 
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6w  d  T 


6J^  =  J  C~M  grad  div  m  +  curl  curl  w]  • 
n 


[div  m  Me  -  e  x  curl  w]  •  6w  do 
n  n 


+  c. 


[  (w  -  grad  a)  x  e  ]  •  [  6w  x  e  ]do 

n  n 


(39) 


+  c. 


[m  •  e  -  f][Me  •  6w]do 
n  n 


+  c3(, 


■*  ♦  ■»  + 
m'e  do  -  c  Me  • 6wdo 
„  n  _  n 

rn  rn 


The  corresponding  expression  which  arises  from  the  minimum 
formulation  in  which  one  assumes  that  the  admissible  functions 
satisfy  the  original  boundary  conditions,  Eqs.  (28)  and  (29),  and 
that  Eq .  (29a  or  b)  need  not  be  imposed,  is  obtained  by  setting 
c^  =  c2  =  0.  In  addition,  one  has  then 

6w  x  en  =  0  on  r^,  (because  of  Eq .  (29)) 


and 


(40) 


6;ri  •  e  =  Me  •  Sw  =  0  on  rv  (because  of  Eq .  (28)) 
n  n  2 


One  then  obtains 


6JX  =  , 


[-M  grad  div  m  +  curl  curl  w] • 5w  dx 


(41) 


+  J  (div  m) Me  •  6w  d  -  j 
n  o 

r-r2  r_ri 


[e  , curl  w, 6w]do 
n 


The  restriction  of  the  boundary  integrals  to  r-r2  anc^  r_ri  occurs 
because  of  the  boundary  conditions,  Eq .  (40). 


Eq.  (41)  yields  the  Euler  equations 


-M  grad(div  w)  +  curl  curl  w  =  0 


(42) 


with  the  original  boundary  conditions  for  w,  Eqs.  (28)  and  (29), 
and  additional  boundary  conditions 


div  m  =  0 


on  r-r2 


curlwxe  =  0 
n 


on  r-r. 


(43) 


The  following  interpretation  has  some  theoretical  interest. 
Let  r^  and  be  the  residuals  in  the  original  Eqs.  (25)  and  (26) 

r  ^  =  div  in 

(44) 

r ^  =  curl  w 


The  Euler  equations  (Eq.  (42))  with  the  boundary  conditions 
(Eq.  (43))  then  assume  the  form 


-M  grad  r^  +  curl  r2  =  0  (45) 

r ^  =  0  on  r-r2 

(46) 

r_  *  e  =  0  on  r-r 
2  n  2 

It  follows  from  the  second  of  Eqs.  (44),  that 

div  r2  =  0  (47) 


Eqs.  (45)  and 
equations  for 
the  pertinent 
is  in  essence 
Eqs.  (25)  and 
conditions  to 
r~  =  0.  This 


(47)  form  a  system  of  four  partial  differential 
the  four  residuals  r^  and  ?2,  and  Eqs.  (46)  give 
boundary  conditions.  The  operator  in  this  system 
the  adjoint  operator  of  the  linearized  system  of 
(26).  One  can  examine  this  system  and  its  boundary 
confirm  whether  it  guarantees  that  r^  =  0  and 
interpretation  shows  the  role  of  the  boundary 


conditions,  Eq.  (46).  A  more  detailed  discussion  will  oe  carried 
out  for  the  other  forms  of  the  minimization  hypothesis. 

The  formulations  Eqs.  (30)  or  (31)  are  not  applicable  if 
shocks  are  present  in  the  flow  field,  even  if  one  interprets  the 
integrals  in  the  sense  of  generalized  functions.  (So  far  no 
provisions  have  been  made  to  exclude  expansion  shocks.  At 
the  moment  we  refer  to  expansion  as  well  as  to  compression 
shocks.)  At  a  shock  the  velocity  vector  will  jump.  Unless  the 
shoe*  conditions  are  satisfied,  the  expressions  div  m  =  div  pw 
and  curl  w  will  give  6  functions.  The  integrand  of  Eqs.  (30)  or 
(31)  will  then  contain  the  square  of  6  functions.  But  such  terms 
make  no  sense.  The  same  conclusion  can  be  drawn  from  Eq.  (35). 

It  can  be  considered  as  a  weighted  residual  expression  with 
weights  given  by  div  pin  and  curl  6w.  At  a  shock  these  weights 
are  6  functions  ,  but  the  residuals  to  which  the  weights  are 
applied  are  6  functions  too. 

In  the  discretized  form  of  the  equations  this  difficulty  is 
somewhat  camouflaged,  for  there  one  will  approximate 
discontinuous  functions  by  functions  which  are  continuous.  But 
the  difficulty  remains.  At  the  shock  the  weights  would  become 
unduely  large  and  tnis  creates  difficulties  in  a  search 
procedure.  This  becomes  more  and  more  pronounced  as  the  mesh  is 
refined.  it  would  mean  a  severe  limitation  of  the  method  of 
residual  minimization  if  this  difficulty  cannot  be  surmounted. 

For  instance,  no  extension  to  Euler  codes  (in  which  one  works 
with  the  Euler  equations  of  motion  rather  than  the  idea  of  a 
potential  flow)  would  be  possible. 

Tne  difficulty  can  be  overcome,  if  one  excludes,  the  shock 
oy  a  contour  closely  surrounding  it  and  includes  the  shoot  condi¬ 
tions  in  the  minimum  formulation.  (Of  course,  as  long  as  one 
introduces  the  idea  of  irrotationality  (Eq.  (26))  one  cannot 
satisfy  the  shock  conditions  completely.)  With  the  assumptions 
tnat  tne  shocks  are  rather  weak  it  suffices  if  one  postulates 
that  tne  mass  flow  normal  to  tne  shock  upstream  and  downstream  of 


it  and  the  velocity  components  tangential  to  the  shock  be  the 


same . 


Let  the  shock  surface  be  given  by 


FsU,y,z)  =  0 


In  most  cases  one  can  write 


x  -  f s(y»z)  =  0 


(49) 


A  unit  vector  normal  to  the  shock  is  then  given  by 

ens  *  9rad  Fs/lgrad  Fg |  (50) 

Let  [...)*  denote  the  difference  of  the  argument  of  this  symbol 
between  the  upstream  and  downstream  side  of  the  shock.  The  shock 
conditions  then  assume  the  form 


i*)!  •  i„s  =  ° 


[w]+  x  ens  =  0 


(51) 


To  express  the  shock  conditions  in  the  minimum  formulation  one 
must  add  to  the  expression  Eqs.  (30)  or  (31)  the  terms 

(1/2)  c3([m]^  •  ens)2do  +  (1/2  c4([w]*  *  ens)2do  C 

r_  r 


rs  is  the  upstream  side  of  the  shock  surface,  do  its  (scalar) 
element,  c3>0,  c4>0,  c^  and  c^  need  not  be  constant.  Now  to  be 
varied  is  the  function  w(x,y,z)  considered  as  different  on  the 
upstream  and  downstream  side  of  the  shock  and  also  the  shock 
surface  (given  by  the  functions  fs(x,y)). 

Next  we  explore  some  aspects  of  the  search  procedure  by  the 
method  of  conjugate  gradients.  The  gradients  of  or  J2  must  be 
formed  in  a  function  space  whose  elements  are  given  by  w  and  £ 
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(Eq.  (49)).  Let  us  first  disregard  the  presence  of  shocKs.  The 
definition  of  a  gradient  presupposes  the  existence  of  a  distance 
definition  in  the  functions  space.  Such  a  definition  is  implied 
by  the  scalar  product.  An  unsophisticated  definition  of  the 
scalar  product  of  two  functions  u  and  v  of  the  w  space  is  given 
by 


!u,v]  =  |  u  •  v  dr  (53) 

We  identify  u  with  the  gradient  g  and  v  with  6w.  The  gradient 
vector  is  then  obtained  from 


6  W  d  t  =  £  J 


(54) 


If  one  uses  the  formulation,  Eq.  (30),  the  gradient  vector  is 
subject  to  the  boundary  conditions 


g  x  en  =  0  on 

Mg  •  £  =  0  on  r0 

n  2 


(55) 


One  obtains  by  substituting  the  expressions  Eq.  (39)  or 
(41)  for  6 J  into  Eq.  (54) 

g  =  -M  grad  div  m  +  curl  curl  w  (56) 

With  this  formulation  the  gradient  function  g  arises  from  the 
current  w  by  a  process  which  includes  two  differentiations.  If 
tne  w  space  is  restricted  to  twice  differentiable  functions,  then 
g  will  not  have  this  property.  Moreover,  the  function  g  so 
ortmned  will  in  general  not  satisfy  the  boundary  conditions 
( -  ..  (51)  )  . 

One  sees,  that  tnis  choice  of  the  scalar  product  does  not 
give  a  legitimate  procedure,  at  least  from  a  theoretical  point  of 
view.  Tne  difficulty  seems  to  vanish  in  tne  discretized  version 
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of  the  problem,  for  then  one  operates  in  a  finite  dimensional 
vector  space.  The  difficulty  is  caused  by  the  fact,  already 
mentioned  in  Section  H,  that  short  wave  errors  are  given  undue 
weight  in  the  functional  J.  The  method  itself  is  attractive 
because  one  does  not  need  to  solve  partial  differential  equations 
in  order  to  determine  the  gradient  function  g.  The  question 
arises  whether  a  multigrid  procedure,  in  which  one  uses  the 
coarse  grid  to  eliminate  most  of  the  long  wave  errors,  and  then 
proceeds  to  finer  grids  for  which  (temporarily  at  least)  one  is 
only  confronted  with  short  wave  errors  will  provide  an  effective 
way  out  of  this  difficulty.  This  question  can  be  decided  only  by 
numerical  experimentation. 

The  difficulty  just  described  vanishes,  if  one  defines  in 
analogy  to  the  procedure  of  Bristeau,  et  al . 


[u,v] 


3 

=  I 
i=l 


J ( grad  u . 
fl  1 


grad  v^)dx  + 


I  c cu . v . do) 
i  5  1  i 


(57) 


c,-  >  0,  c,.  need  not  be  constant 


One  will  remember  that  according  to  definitions  made  above  the 
subscripts  1,  2,  and  3  refer  to  components  of  the  vector  in  the 
x,  y,  and  z  directions,  respectively.  In  this  definition  the 
scalar  product  is  written  in  terms  of  components  of  the  vectors  u 
and  v,  but  one  convinces  oneself  easily  that  the  expression 
remains  the  same  if  one  transforms  it  to  another  system  of 
Cartesian  coordinates.  (This  can  also  be  shown  by  means  of 
tensor  calculus. ) 

If  c^  =  0,  then  functions  u  and  u  +  c  (where  c  is  a 
constant  vector  field)  will  give  the  same  scalar  product. 

Usually  this  possibility  is  excluded  by  boundary  conditions. 
Proceeding  in  the  same  manner  as  above,  one  obtains 

.  .  3  f  ^  f 

[g , 6w]  =  z  (j(grad  g.  •  grad  6w  )  d  t  +  j  c  ^  g.iw^do 
i=l  fl  1  1  1 
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and  by  applying  Eq .  (36)  to  this  equation,  with  a  =  <$w^  and 
b  =  grad  g. 


[g, 6w]  =  I  (- J  div  grad  g .  6w . d t  +  J 
i=l  c  11 


[grad  g^e^  +  c^  g^Svmdo) 


This  is  slightly  rewritten  and  set  equal  to  6J 

r  .  .  3  f  +  i 

SJ  =  -  j  ig  •  jw  +  I  j  (grad  g.*en)6w^do  +  j  g  •  6wao  (58) 

r<  i=l  r  1  1  r 

Comparing  with  Eq .  (39)  or  (11),  one  obtains  immediately 


Ag  =  M  grad  div  m  -  curl  curl  w 


(59) 


This  is  a  Poisson  equation  for  each  of  the  three  components  of  g. 
One  also  obtains  a  set  of  boundary  conditions  for  each  of  the 
components.  The  simplest  form  arises,  if  one  uses  Eq .  (39). 

Then  one  has 


grad  g.  *e  +  cc  g.  =  (div  m  +  c_(m*e  -  f) ) (Me  ) . 

in  n  r  l  n  ni 

(60) 

+  ([curl  w  +  c,(w  -  grad  $ ) ]  x  e  }.  on  r ; 

1  n  l 

r 

+  c,(  J  m*e  do  -  c)(Me  ). 

3  J  n  n'  i 

11 

c^  =  0  on  r 2»  Cj  =  0  on  r ^ ,  the  last  term  is  present  on 

only . 


As  before,  the  subscripts  i  refers  to  the  individual  components 
of  the  vectors.  One  obtains  indeed  a  well  posed  problem  for  each 
of  the  components  of  g. 

Only  the  right-hand  side  of  these  equations  changes,  if  one 
determines  the  gradient  function  g  for  different  values  of  w.  If 
one  has  fixed  elements  (and  this  presupposes  that  no  shocks  are 
present),  this  results  in  considerable  simpl ications  in  the 
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repeated  solution  of  the  Poisson  equation.  Even  the  introduction 
of  special  elements  in  the  vicinity  of  the  shock  is  not  too 
detrimental,  because  only  a  few  of  the  elements  in  the  grid 
system  need  to  be  changed. 

The  results  are  less  symmetric,  if  one  postulates  that  the 
admissible  functions  satsify  the  boundary  conditions  of  the 
original  problem.  It  is  assumed  that  Eqs.  (29a)  or  (29b)  are  not 
applicable.  Using  the  expression  Eq .  (41)  for  <SJ ,  one  has 
because  of  Eqs.  (2  8)  and  (29) 


6w  x  e  - 


g  x  e  = 


M  <5w  •  e  =0 
n 


Mg  •  e  =0 
^  n 


on  r . 


(61) 


on  r. 


(62) 


Consider  first  the  portion  -  (r^O  r 2)  of  the  boundary.  The 
exclusion  of  the  intersection  of  and  r2  is  necessary  in 
supersonic  flow;  in  subsonic  flows  and  r2  do  not  overlap. 
One  obtains  because  of  the  second  of  Eqs.  (61) 

*♦>  -*■ 
g  =  -  e 


Denoting  by  e  ,  e  ,  and  e  the  three  components  of  e  ,  one 
nl  n2  n3  n 

obtains 


gl  =  '  g2  =  lgien2  '  g3  =  lg‘en. 


(63) 


This  amounts  to  two  relations  between  g^,  g2,  and  g^. 
Furthermore,  by  comparing  Eq .  (58)  with  Eq .  (41)  (observing  that 
r  -  U  r2  belongs  to  r  -  r2) 

I(grad  g.*e  )  6w.  =  (div  iri)  (Me  )  •  6w 


One  has  because  of  the  first  of  Eqs.  (61) 


5 w  =  const  e 


Sw  =  const  e 
1  n 


Therefore , 


Kgrad  gi*en)en  =  (div  m)  (Men)  *en 
i  i 


(64 


Tnis  is  the  third  condition  along  r^. 

An  alternative  to  Eqs.  (63)  is  obtained  as  follows. 
Denoting  by  e ^ ,  e^i  and  e^  unit  vectors  in  respectively  the  x,  y 


and  z  directions  it  follows  from  the  second  of  Eqs.  (61),  that 


[en'g'el]  =  0 


[en,g,l2]  =  0 


(65 


and 


len,g,e3)  =  0 


One  has 


eM  [e  ,g ,e, ]  +  en  [en,g,e,]  +  en  [en,g,e,]  =  0 


n^  n 


n^  n 


n3  n 


oecause 


e 

n 


+ 


3 


Tne  expression  Eqs.  (65)  are,  therefore,  linearly  dependent. 

on  r2  -  (  r2  r1 )  one  has  the  following  situation. 
Comparing  Eq .  (58)  with  Eq .  (41)  one  obtains 


0 


(66) 


i  [grad  gi*enl  +  [en,curl  w,ei]5wi  = 
i 

Here  we  have  written 

[e  ,curl  w,6w]  =  [e  ,curl  w,ze.6w] 

i 

Eq .  (66)  is  subject  to  the  restriction  given  by  the  first  of 
Eq  s .  (62) 

( Me  n )  •  6w  =  0  (67) 

The  combination  of  Eqs.  (66)  and  (67)  gives  two  homogeneous 
equations  of  the  form 


a. 

6W. 

+  a_6w_ 

+  a.. 

6W 

1 

1 

2  2 

3 

D  , 

6W  , 

+  b_6W_ 

+  b0 

SW 

1 

1 

2  2 

3 

One  seeks  conditions  which  guarantee  that  the  first  equation  is 
satisfied  whenever  the  second  equation  is  satisfied.  The  second 
equation  can  for  instance  be  satisfied  by  the  choice  of  6w^  and 
6w2  while  6 w ^  =  0.  Then  one  finds 

=  0  (68a) 

In  a  similar  manner  one  obtains 

=  0  (68b) 
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and 


=  0 


(68c) 


The  three  conditions  are  linearly  dependent.  They  amount  to  two 
conditions  which  are  linear  in  grad  g^*en-  In  addition,  one  has 
from  the  second  in  Eq.  (62) 


Mg  •  en  =  0  (69) 

In  supersonic  flows  the  entrance  cross  section  is  the  union 
of  r  and  r2 .  There  one  has  simply  from  the  second  equation  in 
Eqs.  (61)  and  (62) 


g.  =  0,  i  =  1,2,3  (70) 

The  exit  cross  section  is  given  by  r  -  U  which  belongs  to 
r  -  r  and  r  -  r2 .  There  is  no  restriction  on  6w.  Both  surface 
integrals  in  Eq.  (41)  must  therefore  be  taken  into  account.  Then 
one  obtains 


•>  +  ♦ 

arad  g.*e  =  {(div  m)Me  +  curl  w  x  e  }.  (71) 

n  n  n  l 

where  the  subscript  i  refers  (as  always)  to  the  i^  component. 

These  discussions  show  that  one  obtains  in  every  case  (even 
in  a  supersonic  flow)  well-posed  boundary  value  problems  for 
Poisson  equations  for  the  individual  components  of  the  gradient 
function  g.  If  the  approximation  to  the  boundary  conditions  is 
not  included  in  the  minimization  process,  then  the  individual 
compone..  to  of  g  are  connected  to  each  other  by  some  of  the 
Doundary  conditions.  The  steps  which  one  carried  out  in  practice 
are  actually  less  complicated  than  the  theory  developed  here. 

In  the  presence  of  shocks  one  must  consider  the  variations 
of  w  upstream  and  downstream  of  the  shock  as  independent  and  take 
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the  variation  of  the  shock  shape  into  account.  The  details 
especially  for  the  determination  of  the  gradient  function  g  are 
best  worked  out  in  the  discretized  form.  Nevertheless,  we  write 
down  the  additional  terms  which  occur  in  6J  in  order  to  provide 
some  theoretical  insight. 

Let  r  +  and  r  be  the  two  banks  of  the  shock  surface, 
s  s 

respectively,  upstream  and  downstream  of  the  shock.  They  have, 
of  course,  a  common  normal,  except  that  an  outer  normal  vector  to 

•f*  • 

r  is  the  inner  normal  vector  to  r  .  Let  e  be  the  outer  normal 
s  s  ns 

to  r  .  A  vector  in  the  direction  of  e  is  obtained  from 
s  ns 

Eq.  (49) 


=  (1+f  + 

s ,  x 


,2  .  1/2  r  ■*  ,  -  .  ♦  , 

f  )  [  e,  -  f  e~-f  e-,  ] 

s,y  1  s , y  2  s,z3J 


♦  4  *♦ 

As  defined  above,  e^ ,  e^,  and  are  unit  vectors  in  the  direc¬ 
tion  of  the  x,  y,  and  z  axes,  respectively.  Subscripts  y  and  z 
refer  to  derivatives. 

We  consider  contributions  to  the  variation  of  J  (Eqs.  (30) 

or  (31)),  due  to  the  presence  of  a  shock.  At  r  c.  and  c_  zero. 

si  1 

The  effect  of  the  surface  terms  is  immediately  seen  from  Eq.  (41) 


(1)  _ 


[(div  m)Me  +  curl  w  x  e  1 
ns  ns 


•  5w  do 


[  (div  m)Me  +  curl  w 
ns 


6w  do 


The  +  or  -  superscript  on  6w  is  superfluous,  it  is  a  reminder 
that  upstream  and  downstream  of  the  shock  6w  need  not  be  the 
same.  A  second  correction  comes  from  the  fact  that  the  integrand 
of  J  may  jump  at  the  shock.  If  the  shock  moves  downstream  by 
if  ,  then  the  upstream  region  is  enlarged  and  the  downstream 
region  made  smaller.  One  obtains  a  second  correction 

<5Jcorr  =  J  m)2  +  (curl  w)2]^  5fg(x,y)dxdy 

r+ 

s 
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Further  terms  occur  because  of  the  expression  Eq.  (52)  which  in 

the  presence  of  shocks  must  be  added  to  the  functional  J.  Using 

the  expression  Eq.  (72)  for  e  one  obtains  for  the  projection  of 

the  surface  element  do  on  a  plane  x  =  const 

s 

dydz  =  do(l  +  f2  +  f2  )  ^2 
1  sy  sz 

It  is  practical  to  substitute  Eq.  (72)  into  Eq.  (52)  and  to  use 
this  equation  in  the  form 

(1/2)  j  (c3(y,z)([m]^  •  ( e^  f  g  e2~  f  s  ze3  )  )  2 

shock  y 

(73) 

+  c4(y,z)([w]^  x  (e1-fsye2-fsze3 ) )2 Jdydz 


where 


£.(y/Z)  =  c. (y,z)(l+fjy+f2z)1/2 


i=  3 , 4 


are  considered  as  fixed  positive  functions  of  y  and  z  defined 
within  the  projection  of  the  shock  on  a  plane  x  =  const. 

■¥ 

One  then  obtains,  because  of  the  variation  of  w 


r  -  '  -J  ; 

J'corr 


+  .  +  - 


(c3(y,z)([m]_-(e1-f  e2-fsze3))((M  Sw  -K«v  ) * ( e  f sye2~ f sze3 


c4 (y , z) ( [w]^x(e1-fs  e2-fsze3 ) ) * ( [ 6w ] * x ( e ^ f g ye2 - f g _,e ) ) Jdydz 


.rtnermore,  because  of  the  variation  of  f 


.  f  ; '  i 


(c3(y,z)([;]Neffs  e2-fsze3))([J]/(-«f  e2-Sfze.) 


c.  ( y  ,  z  )  (  [w]+x(e,-fe~-fe,  )  )  •([w]+x(-6f  e.,-4fe,)  )  Idydz 


Notice  that  in  the  last  expression  variations  of  the  derivatives 

f  and  f  are  encountered, 
sy  sz 

Since  an  element  of  the  function  space  is  now  formed  by 

w(x,y,z)  combined  with  f  (y,z),  the  gradient  function  g  must  now 

♦ 

include  aside  from  g,  a  term  g  (y,z),  which  is  associated  with 

s 

f  (y,z).  The  same  holds  for  the  scalar  product  in  the  function 
S  (1 )  (2 ) 

space.  If  f  and  f  are  two  functions  f  ,  then  one  adds  a 
s  s  s 

term 


:6  J  fs(1)fs<2>dydz 

1  s 


to  the  scalar  product.  The  occurrence  of  derivatives  of  f  in 

s 

Eq.  (73)  has  again  the  effect  that  short  waves  in  the  function  f 
occur  with  undue  weight.  Theoretically  at  least,  one  might, 
therefore,  prefer  to  choose  a  scalar  product 


(grad  f 


grad  dydz 


where  the  gradient  is  formed  in  the  y,z  plane.  Practical 
experience  must  show,  whether  or  not  this  complication  can  be 
avoided  in  the  discretized  form  of  the  problem. 

In  describing  the  discretization  process  we  assume  that 

w(x,y,z)  and  f  (y,z)  is  approximated  in  a  manner  familiar  from 
s 

finite  element  approaches,  namely  as  a  linear  combination  of 

-4 

shape  functions  (of  finite  support)  with  coefficients  p_.  and 

p  .  which  are  called  shape  parameters, 
s ,  3 

4  4 

w ( x , y , z )  =  Zp  .$  .(x,y,z, . . .p  ,...)  (7( 

j  J  J  s ' K 

fs(y/z)  =  rPs,kVx'y'z)  (7’ 

k 


In  the  presence  of  shocks  some  elements  and,  therefore,  also  the 
pertinent  shape  functions  will  depend  upon  the  shock  shape.  Thi 
is  indicated  by  the  arguments  p  ,  in  The  shape  functions 


for  the  w  are  written  as  vectors.  Actually  one  will  introduce 
shape  functions  separately  for  each  component.  We  identify  the 
components  by  first  subscripts  1/2/3.  One  will  use  the  same 
shape  function  for  each  component. 

w . ( x , y / z )  =  2p.  . $  . { X/ y, z , . . .p  ,...)  i  =  1/2,3  (78) 

1  j  1  /  3  3  S  t  K 

In  situations  where  the  formulation  Eq.  (30)  can  be 

applied,  some  shape  parameters  are  determined  by  the  boundary 

conditions  and  not  subject  to  variations.  An  approximation  to 

the  flow  field  is  fully  described  by  the  shape  parameters  p^  ^ 

and  p  ..  The  basic  subroutine  is  one  which  computes  J  for  a 
s ,  j 

given  set  of  shape  parameters. 


J  -  J(. •P1/ j**,.*P2, j*./..P3,j../*.Ps,k..) 


The  variation  of  J  is  then  expressed  by 


«J  =  Z 


3J 


.  .  .  3p . 

1=1  3 


t  .  r  3J 

-6p.  .  +  £  - 

I'D  i  3P-  4 
J  3  •  3 


6p 


s ,  k 


(79) 


The  derivatives  are  probably  best  determined  by  numerical  differ¬ 


entiation.  Writing  momentarily  p.  ,  for  p.  ,  as  well  p  .  one 

1  /  K  1  / K  S/K 


has 


-1, 


3J/3pi,k  =  e  ^ - Pi,k+E'*^  “  J( • • -Pi ; k* • ) ] 


(80) 


Arguments  not  listed  remain  unchanged.  This  requires  the 
repeated  evaluation  of  J.  But  the  amount  of  work  is  less  than  it 


might  appear,  because  the  support  of  the  shape  functions  ♦j  and 
^ .  is  finite;  the  integrations  need  only  to  be  carried  out  over  a 


rather  limited  part  of  the  x,y,z  space  and  of  the  shock.  Eq 
(79)  can  be  written  as  the  scalar  product  of  one  row  and  one 
column  matrix.  Let 


We  have  omitted  the  arguments  of  the  shape  functions.  In  the 
shape  functions  the  arguments  p  ,  are  encountered.  In  the 

]  S  t  K 

factor  q.  ..  in  Eq.  (88)  the  variation  of  the  p  .  need  not 
*  f  J  J  S  #  K. 

be  taken  into  account;  it  would  appear  in  an  expression  for  the 
second  variation. 

These  expressions  can  now  be  written  in  the  form 
g.SwdT  =  I  Z  M^M.q.  ,  6  p  •_  +  Z  IM**-'21^  .,5p  (8 

a  1  1  jl  j 2  pi.]2  n  K  k,:i  qi,n  ps.* 


(22) 

^  c69sUsdydz  =  .s  .1  "j2.jl  qs,n5ps.j2 


where 


*12^1  *  "jl^2 


,  ( i » 21 ) 
K,jl 


/jl  pi,i2(s‘92/Jps,K>d' 


M  ^  2  2  ^  =(  c,i|<  .  *  .  _dydz 

3  1/D  2  i  6  il  ]2  J 


[...q...]  -  [..q1(j--M.q2(j..,..q3(j.M..qS(]..] 
Then  with  the  definitions  of  Eqs.  (81)  and  (94) 

zfg.fiw.  +|  c,g  6f  =  [ .  .  .6  p.  . )  2  ^  [  .  .q.  .  ]  + 


ill 


partitioned  as  follows 


Equating  the  right-hand  sides  of  Eq.  (95)  and  Eq.  (83)  and 
observing  that  the  resulting  equation  must  be  correct  for  any 
choice  of  the  fip's  one  obtains  the  system  of  equations 


i  • 

|  3J/3p 
3  J/3  p 
3  J/3  p 
3  J/3  p 


l,ml 
2  ,m2 
3,  m3 
s  ,m4 


(97) 


(  2 ) 

Notice  that  because  of  the  form  of  rf  one  can  compute  q^  j 

q2  ,m2  *  *  *  f<^3  ,m3  *  *  ‘  indePendently •  After  these  quantities  have 

been  found,  one  determines  . .q  , ... 

s,m4 

For  fixed  elements  in  the  x,y,z  space  the  elements  of  the 
matrix  are  independent  of  the  point  in  the  w  space  for 

which  tne  gradient  is  determined.  The  matrices  usually  have 
block  tri-diagonal  shape.  The  left-right  decomposition  can  be 
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Jr;  • — 


done  once  and  for  all.  The  elements  adjacent  to  the  shock  change 
from  iteration  to  iteration.  The  left-right  decomposition  for 
the  matrix  amounts  to  a  Gaussian  elimination  of  the 

unknowns  (combined  in  column  vectors)  starting  at  the  left  or  at 
the  right.  If  one  arranges  the  elimination  sequence  so  that  one 
eliminates  last  the  column  vectors  affected  by  the  changing  snock 
elements,  then  most  of  the  preparatory  work  for  the  solution  of 
the  system  of  equations  will  remain  unaffected  by  a  change  of  the 
shock  position.  An  alternative  procedure  which  leaves  the  block 
tri-diagonal  form  of  the  problem  intact  is  shown  in  Appendix  A. 

i  2 ) 

The  evaluation  of  the  matrix  M  can  be  avoided  for  the 

present  choice  of  the  scalar  product  if  one  defines  the  scalar 

product  in  the  vector  space  of  the  p.  and  p  .  rather  than  in  the 

♦  J  s  r  3 

t  notion  space  of  w  and  f  . 


If 


u  = 


jl 


>(i)* 

jl  jl 


and 


v  = 


-  _(2) 

S  Pi2  ' 
j2 
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Then 


(98) 


[U,V]  a  I 

j 


PU)P(2) 
V3  V3 


For  reasonably  chosen  shape  functions,  the  definitions  are 
equivalent.  For  example,  they  guarantee  identity  of  the  two 
vectors  under  the  same  circumstances  and  they  show  the  same 
convergence  behavior  in  the  summation  over  j.  Then  one  finds  for 
the  components  of  g  simply 


[i  i  =  3J/3Pi  i 
1  •  J  1  •  J 


q  =  3  J/3  p,,  , 
s  >  3  3 


(99) 


It  has  been  mentioned  above  that  the  definition  Eq.  (53) 
:or  the  scalar  product  fails  to  correct  for  the  overemphasis  of 
snort  wave  errors  inherent  in  the  definition  of  J  and  tnat  this 
*iil  prooably  have  a  detrimental  effect  on  tne  search.  Whether 
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or  not  this  can  be  remedied  by  a  multi-grid  approach  is  best 
determined  by  numerical  experiment. 

If  one  uses  the  distance  definition  of  Eq.  (57)  (for  the 

elements  w,  f  ),  then  the  procedure  is  completely  analogous, 
s 

Eq.  (88)  is  replaced  by 


Ug^sw.J  +  [g  ,  6f  )  =  z  (grad  g.  •  grad  6w.)dt 

iii  s  s  i  1  1 


fr  c59iiwido  +  J  c69s6£sdl,d; 


(100) 


or  c^grad  gg«grad  6fsdydz 


Then 


*  Mj“j2  -[  9C3d  "jl  •  9”d  *j2dT  +{rC5*jl‘j2do 

"^n1’  ’[  9Cad*jl  -  J  Pi,j2(89rad  *j2/JPs,k)dT 

*  I  {  Vjl*j2d*dl 


or  J  c^grad  •  grad  iii^dydz 

^  s 


In  computing  J  (and  3J/3p),  one  must,  of  course,  include 
the  expressions  Eq.  (52)  which  are  due  to  the  presence  of  shocks. 
If  one  includes  in  the  formulation  of  the  functional  an  approxi¬ 
mation  to  the  boundary  data,  then  one  evaluates  the  expression 
for  J  (Eq.  (31)),  otherwise  one  evaluates  Eq.  (30).  Depending  on 
tne  form  which  one  uses,  the  shape  parameters  by  which  the 
ooundary  data  are  expressed  will  be  kept  fixed  or  will  be  allowed 
to  vary.  This  will  express  itself  also  in  the  expression  for  the 
gL’s  and  for  gs. 
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The  determination  of  the  g.  .  for  a  fixed  i  amounts  to  a 

1  /  J 

solution  of  a  Poisson  equation.  Two  alternatives  for  [g  , 6w  ] 

s  s 

appear  in  Eq.  (100).  Since  the  expression  5J  contains 

derivatives  of  f  tne  second  one  (including  grad  f  in  the  y,z 

s  s 

space)  is  preferable  from  a  theoretical  point  of  view.  The 
number  of  parameters  describing  the  shape  of  the  shock  is  not 
very  large,  therefore,  there  may  not  be  a  need  for  counteracting 
the  waviness  of  the  shock  by  the  second  choice  of  the  scalar 
product  lg  . 5w  ] . 

z>  r  j 

In  computing  J  for  flow  fields  containing  shocks  one  must, 
of  course,  include  the  integrals  over  the  snock  surface 
(Eq.  (52)),  most  lixely  in  the  modified  form  Eq.  (73)).  We  have 
written  down  two  forms  for  J;  in  (Eq.  (30))  the  function  w 
satisfies  the  boundary  conditions.  The  other  one  (Eq.  (31)) 
includes  terms  wnich  take  residuals  in  the  boundary  conditions 
into  account.  In  the  first  case  some  of  the  shape  parameters  p 
are  not  subject  to  variation,  in  the  second  case  all  shape 
parameters  will  be  varied.  The  constants  c^  and  c in  Eq.  (31) 
express  the  weight  which  one  gives  to  the  residuals  in  the 
boundary  conditions  compared  to  the  weight  of  the  residuals  in 
the  flow  field.  Taxing  c-^  and  c2  too  large  probably  will  slow 
down  the  convergence  of  the  procedure.  The  same  holds  for  the 
functions  c^  and  c^. 

It  may  be  necessary  to  add  further  terms  to  J  in  order  to 
staoiiize  the  procedure  in  the  supersonic  region  and/or  to  bias 
tne  procedure  against  expansion  shocks.  This  will  be  discussed 
later . 

According  to  the  general  tneory,  the  determination  of  the 

gradient  function  g  requires  the  solution  of  the  Poisson  equation 

;  Ec .  (59)).  In  the  discretized  form  this  means  that  one  solves 

lj...  -  (97)  for  the  parameters  q.  .  which  belong  to  the  gradient 

1  'm-*-  (11) 

".unction  g ^ .  The  governing  matrices  M  contain  all  the 

necessary  information  including  the  boundary  conditions.  The 
matrices  are  sparse  (frequently  of  block  tri-diagonal  form). 
Wnetner  or  not  one  can  apply  super-fast  Poisson  solvers  depends 


upon  the  relation  between  the  matrices  found  in  one  row  (they 
must  commute).  This  is  a  severe  limitation  on  the  choice  of  the 
shape  functions.  (The  author  has  not  investigated  this  aspect.) 
Unless  one  tries  to  take  advantage  of  this  special  form,  one 
might  introduce  weight  functions  into  the  definition  Eq.  (57)  of 
the  scalar  product.  This  will  not  be  detrimental  to  the  sparsity 
of  the  matrix,  although  it  might  complicate  the  computation  of 
the  matrix  elements. 

Two  expressions  have  been  given  in  Eq.  (100)  for  the 
distance  [gs,6fg].  The  second  is  preferable  from  a  theoretical 
point  of  view  because  the  expression  Eq.  (75)  contains 
derivatives  of  the  function  fg.  It,  therefore,  overemphasizes 
waves  in  the  shock  shape.  In  practice  it  is  perhaps  not 
necessary  to  counteract  this  phenomenon  by  the  choice  of  the 
scalar  product. 

The  gradient  functions  will  be  used  in  a  conjugate  gradient 

search  for  the  minimum  of  J.  Important  are,  of  course,  the 

values  of  the  shape  parameters  p  and  p  (not  the  actual  value  of 

s 

the  minimum  of  J ) .  At  the  first  stages  only  a  moderate  accuracy 
is  needed  because  the  method  is  self-correcting  and  one  is  likely 
to  have  frequent  restarts  in  any  case.  The  conjugate  gradient 
search  methods  determine  the  center  of  hypersurfaces  in  a  space 
of  a  great  number  of  dimensions  which  have  a  shape  similiar  to 
very  elongated  ellipsoids.  The  scalar  product  introduced 
compensates  for  the  difference  in  the  lengths  of  the  axes.  All 
axes  which  have  the  same  length  are  treated  in  the  same  manner. 
(This  is  the  reason  why  one  finds  the  minimum  in  one  step  if  the 
surfaces  of  constant  J  is  transformed  into  a  hypersphere.)  The 
ratio  of  the  largest  to  the  smallest  axis  of  such  hyper¬ 
ellipsoids  does  not  change  too  much  if  one  increases  the  number 
of  dimensions  for  which  the  flow  is  computed.  This  makes  it 
possible  to  test  the  effectiveness  of  the  search  procedure  in 
relatively  simple  examples. 

In  problems  governed  by  the  Laplace  equation,  the  Bristeau 
metric  changes  the  hyperellipsoids  obtained  in  the  w  space  for 


surfaces  J  =  const  with  an  unsophisticated  norm  into  hyper- 
spheres,  with  the  consequence  that  the  solution  (i.e.,  the  center 
of  the  hypersphere)  is  found  in  one  search  step.  In  the  general 
case  one  can  obtain  the  Laplace  equation  in  the  distant  field,  by 
means  of  the  P ra nd t 1-G la ue r t  approximation.  This  is  the  basis 
for  the  application  of  far  field  conditions.  It  can  be  expected 
that  this  transformation  has  a  desirable  effect  on  most  of  the 
flow  pattern.  We  study  its  effect  on  the  present  approach. 

Let 


B  =  (1  -  M02)1/2  (101) 

where  is  the  free  stream  Mach  number.  (The  reader  will  notice 

that  the  letter  M,  but  with  superscript,  has  been  used  before  to 

define  a  matrix  which  arises  if  one  linearizes  the  mass  flow 
♦ 

vector  m.  The  auther  hopes  that  this  will  not  cause  confusion.) 
As  before,  we  define  the  local  vector  in  the  original  flow  field 
by  its  Cartesian  coordinates  x,y,z.  The  coordinates  in  the 
distorted  system  are  denoted  by  x,y,z.  The  Prandtl-Glauert 
distortion  is  then  given  by 


(102) 


where  D  is  an  operator  defined  by  the  diagonal  matrix. 


D 


(103) 


Linearizing  the  basic  flow  differential  Eq.  (25)  one  obtains 


d  i  v 


M(1)C 


0 


(104) 


wr.ere  M,  originally  defined  in  Eq.  (33),  is  specialized  to 


M 


(1)  _ 


2  -2 
8  D 


(105) 


Here  PQ  denotes  the  dimensionless  free  stream  density.  All 
quantities  expressed  in  the  distorted  coordinates  are 
characterized  by  a  tilde. 

w( x, y ,z) 

We  denote  by  grad/  div/  curl,  the  operations  carried  out  in 
the  distorted  system.  One  has  the  following  relations 


grad  <t>  =  D  grad  £ 

div  u  =  div  D  u 

(106) 

curl  u  =  e2  D-1  curl(D~1u) 

Taking  the  symbols  in  the  generic  sense,  one  has  the  inverse 
relations 

grad  $  =  D  1  grad  $ 

~  -»  —  1  ■¥ 

divu=divD  u  (107) 

♦  _  2  -► 

curl  u  =  B  D  curl(D  u) 

One  has  for  instance,  with  Eq.  (102)  from 

<t>(  x,  y,  z  )  = 

grad  -I  = 


$  (  x, y, z) 


e  $  +  e  $  +  e  $ 

xx  y  y  z  z 


e  $~  +  e  B  $  ~  +  e  3  $  - 
xx  y  y  z  z 


D  grad  S  . 


For  instance 


47 


IS  Vr' 


Here  the  unit  vectors  in  the  x,  y,  and  z  directions  are  denoted 
respectively,  by  e x,  e^ ,  and  ez. 

Let  h(x,y,z)  =  const  define  some  surface  in  the  x,y,z 
space.  Because  of  Eq.  (102)  the  corresponding  surface  in  the 
x,y,z  representation  is  given  by 


h(  ?  |  =  hlD-1!  y 


One  has  for  the  normal  vectors  in  the  respective  spaces 


Then 


e^  =  grad  h/ I, grad  h| 


en  =  grad  h/|grad  h| 


en  =  D  1  grad  h/ | D  1  grad  h| 


en  =  D  1  en(|grad  h | / ( D  1  grad  h|) 


Consider  the  integral  (Eq.  (30)) 


[(div  m )  “^  +  (curl  w)^]dx 


One  has,  with  Eqs.  (107) 


div  m  =  d  i v  (  D  m) 


curl  w  =  8 ^  D~  curl(D  w) 


:n  t..e  linearized  flow  one  has,  from  Eq.  (105) 


-  2-2- 
m  =  p  „  8  D  w 


(  108 


(  10S 


(ill 


Then,  with  Eq.  (106) 


■*  2  ~  * 

div  m  =  0^6  div  u  (112) 

with 

u  =  D_1w  (113) 

Furthermore/ 

-*2-1 

curl  w  =  6  D  curl  u 

One  has 

dt  =  dxdydz  =  2~2dxdydz  =  B_2di 

Then 

=  ( B 2 /2 )  [pQ2(div  G)2  +  (D  *  curl  u)2]dx 

a 

Here  different  components  of  curl  u  appear  with  different 
weiqhts.  Greater  symmetry  between  the  distorted  coordinate 
directions  is  obtained  if  one  defines 

=  ( B 2 /2 )  [div  u)2  +  (curl  u)2]d?  (114) 

ft 

One  then  obtains/  in  terms  of  the  original  coordinates 

=  (1/2)  [ Pq  2(div  m(w))2  +  (D  curl  w)2]d*  (115) 

ft 

The  original  Eas.  (25)  and  (26)  are  left  unchanged  but  the 
weights  assigned  in  the  definition  of  to  different  components 
are  now  different.  This  is  the  definition  for  (and 
correspondingly  J.)  which  will  be  used  in  the  future.  The 


necessary  modifications  of  the  formulae  of  this  section  are  left 
to  the  reader.  A  corresponding  modification  is  carried  out  in 
the  Bristeau  distance  definition  Eq.  (57).  It  is  now  natural  to 
define 


[ u , v]  = 


I 

1  (] 
i=l  n 


grad 


grad  v. )d:  + 


c5uivido) 


Returning  to  the  original  coordinates/  using  Eq.  (107)  one 
obtains 


[u,v] 


(1  ) 


(116) 


£  ( 
i  =  l 


( ( D  1  grad  u^)*(D  *  grad  v. )dT  + 


c j- u  ■  V  .  do) 
Dll 


Actually  do  4  do,  but  the  difference  between  these  expressions 

can  be  incorporated  in  the  function  c t..  Furthermore,  a  factor  B 

2  5 

which  arises  because  dt  =  B  dt  has  been  omitted.  Accordingly, 
one  defines 


[g ,  <5w]  = 


(117) 


grad  g. 


3 

£  ( 


-  1  + 

D  grad  6w)dx  +  cqg.6w.do) 


SECTION  IV 


FORMULATION  OF  THE  PROBLEM  IN  TERMS  OF  THE  VELOCITY 
POTENTIAL  0  AND  AN  AUXILIARY  VECTOR  POTENTIAL  A 

i 

In  terms  of  the  velocity  potential  0  the  problem  is  given 
by 

div  in(grad  <p )  =  0  (118) 

where  m  is  defined  as  before  (beginning  of  Section  III).  One 
prescribes  as  boundary  conditions:  0  on  r^;  in*en  on  r  2>  Eq . 
(118)  is  satisfied  if  one  introduces  a  (single-valued)  vector 
field  A  and  postulates 


m(grad  0)  -  curl  A  =  0 


(119) 


with  <t>  prescribed  on  r  ^ ;  curl  A  •  en  prescribed  on  r^-  More 
specifically,  one  can  introduce  in  and  r 2  two  families  of 
coordinate  curves  p.^  and  p2  and  then  write 


curl 


A 


♦  *  fl<pl'p2> 

on  r  ^ 

(120) 

n  =  f2lpl'p2) 

on  r2 

(121) 

where  f1(p1,p2)  and  f^p^p^  are  given  functions.  0  and  A  are 
the  independent  variables  used  by  Johnson  and  his  co-workers. 

The  boundary  condition,  Eq .  (121)  is  unusual  because  it 
requires  a  differentiation  of  the  same  order  as  that  occurring  in 
the  partial  differential  equation  (Eq.  (119)).  Moreover  A  occurs 
in  Eq .  (119)  and  (121)  only  in  the  form  curl  A;  it  therefore  is 
not  uniquely  determined.  The  following  discussions  show  how 
these  flaws  in  the  formulation  can  be  remedied. 

We  call  a  function  A  admissible,  if  it  satisfies  Eq .  (121). 
Let  Aq  and  A^  be  two  admissible  functions.  Consider  a  closed 
curve  in  r2  whose  interior  lies  entirely  in  r_.  Let  S  be  the 


surface  cut  out  by  this  curve  and  ds  the  line  element  along  this 
curve.  Then  by  Stokes'  theorem 


( A1  -  Aq)  *ds 


cur 1 ( A,  -  A.  )  *e  do 
i  U  n 


The  right-hand  side  vanishes,  because  Aq  and  A^  are  admissible 
functions.  It  follows  that 


x,y,z 

/ 

(Ai  “  V‘d® 

Vyo'zo 

is  independent  of  the  path  between  the  two  points.  This  defines 
a  function  F(x,y,z)  on 


x  ,  y ,  z  C  r2 
x0  /y0  '  z0  C  r2 


x,y,z 


F ( x , y , z )  -  F ( xn ,yn , zn )  = 


( Ax  -  Aq )  *ds: 


yn,z.  d  r. 


Vyo'zo 


0,  '0  '  0 

x,y,z 


C  r„ 


(122) 


The  point  (Xq^q/Zq)  is  fixed,  F(x0,y0,z0)  is  a  constant.  The 
function  F  is  single-valued  only  for  a  simply  connected  surface 
r2  (Fig.  la).  An  example  of  a  surface  r 2  which  is  not  simply 
connected  is  shown  in  Figs,  lb  and  lc.  (A  curve  extending  from  a 
point  of  the  boundary  curve  to  a  point  of  the  boundary  curve 
C  does  not  cut  into  two  separate  parts.)  In  Fig.  lc  there 
are  curves  beginning  and  ending  at  a  point  P  of  r 2  which  do  not 
cut  out  a  portion  of  the  entire  surface  r  that  belongs  solely  to 
r2 .  In  the  example  such  a  portion  of  r  will  either  contain  the 
exit  cross  section  or  the  entrance  cross  section.  Denoting  by 
the  curve  within  which  starts  and  ends  at  point  P  and  by  C 2 
the  boundary  between  r  and  the  exit  cross  section,  one  has 


■ 

(A  -  AQ)*ds  =  const 
C3 
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where  the  constant  depends  upon  A^  and  Aq  ,  but  not  on  the 
location  of  the  point  P. 

Let  the  surface  be  parametrized  by  two  parameters  p^  and 
P2  where  p2  changes  by  a  constant  L  if  one  returns  to  the  same 
point  along  any  path  which  encloses  the  exit  cross  section.  A 
developable  surface  r2  can  be  spread  out  (without  distortion) 
into  a  plane,  then  the  coordinates  can  be  easily  visualized. 

(See  for  instance  Fig.  2  for  a  cone.  Actually,  such  a 
visualization  is  not  needed.)  If  one  starts  at  a  point 
(Pl,p2)  and  follows  a  path  of  the  kind  described  above  which  ends 
at  the  same  point  of  r2 ,  one  then  has  coordinates  (p1,p2  +  L.) 

According  to  Eq.  (123),  all  functions  F  evaluated  along 
such  a  path  will  increase  by  the  same  amount.  Let  F  and  F  be  two 
functions  (not  necessarily  computed  in  this  manner)  for  which 


F(p1,p2  +  L)  =  F(p1,p2)  +  const 
F(p1,p2  +  L)  =  F(p1,p2)  +  const 
where  the  constant  is  the  same.  Then  trivially 

F(p1,p2  +  L)  -  F(p1,p2  +  L)  =  F(p1,p2)  -  F(p1,p2) 
in  other  words 


F  =  F(p  ,p, )  -  F(p  ,p  ) 


is  single-valued  on  .  It  follows  that  each  F(x#y/z)  can  be 
represented  in  the  form 

F  =  const  F1(x#y,z)  +  F2(x,y,z)  (124) 

where  F^  is  some  standard  function  for  which 

F1^P1'P2  +  =  f1^P1'P2^  +  L 

(for  instance  F^  =  P2) 

and  F2  is  an  arbitrary  (sufficiently  smooth  function)  which  is 
single-valued  on  T^.  The  function  F2  can  be  continued  through  fi 
Now  we  define 

A2  *  A.  -  grad  F2  (125) 

One  observes  that 

curl  A2  ■  curl  A^ 

Accordingly,  the  contributions  curl  A  occurring  in  the  original 
differential  equation  (Eq.  (119))  and  the  boundary  condition 
Eq.  (121)  are  the  same.  Now  consider 

X/  y , z  x /V, z 

(A2  -  Aq ) *ds  =  ( A1  -  grad  F2  -  AQ)*ds 

xo'yo,zo  xo'yo'zo 

Hence  with  Eqs.  (122)  and  (124) 
x  ,  y ,  z 

(  A2  -  AQ  )  *ds  = 

x0'y0'z0 

F(x,y,z)  -  F(x0,y0/Z0)  -  (F2(x,y,z)  -  F2 ( xQ  ,  yQ , zQ ) ) 

=  const[F.  (x,y,z)  -  F.  ( xn , yn , zn ) ] 


Aq  -  const  grad  F^ ) *ds  =  0 


(126) 


J 

xo'yo 


(A 


2 


z 


0 


It  does  not  matter  that  in  Eq.  (126)  that  is  defined  only  on 
r2 ,  because  the  equation  contains  only  the  components  of  grad  F^ 
which  lie  in  r2  .  These  components  are  single-valued  (although  F^ 
is  not).  In  order  for  Eq.  (126)  to  be  satisfied  for  every  path 
one  must  have 


A2  *  e^  =  Aq  *  en  -  const  grad  F^  *  en  (127) 

We  have  thus  constructed  from  an  arbitrary  admissible  function  A^ 
another  admissible  function  for  which 


curl  A2  =  curl  A^ 

and  whose  components  in  the  tangential  plane  to  r2  agree  with 
those  of  an  admissible  function  AQ  ,  except  for  the  gradient  of  a 
standard  function  F^  multiplied  by  an  arbitrary  constant.  The 
fact  that  curl  A^  =  curl  A^  guarantees  that  gives*  the  same 
contribution  to  the  partial  differential  equation  (Eq.  (119))  and 
the  boundary  condition  (Eq.  (121)).  Admissible  functions  A^  can 

be  replaced  by  A without  loss  of  generality.  Eq.  (127)  is  a 

-¥ 

boundary  condition  for  which  relates  its  components  in  the 

tangential  plane  to  one  admissible  function  AQ  except  for  a  one- 
parameter  standard  contribution  const(grad  F^  x  en ) . 

One  will  ask  how  a  function  A^  can  be  constructed.  If  r2 
is  a  plane  (or  a  developable  surface),  one  may  choose  for  the 
P1,P2  system  a  Cartesian  system  of  coordinates,  (x^,x2),  with  the 
corresponding  components  of  A*  given  by  A.  .  and  An  _  .  Then 


One  can  then  choose  one  of  the  components,  for  instance  A  =0 

0,1 

and  determine  A.  .  by  integrations.  Of  course  if  f  ( p. , p. ) =0 , 

U  /  2  2  1  2 

then  one  can  simply  set  the  components  of  A^  within  the  surface 
r2  equal  to  zero.  Functions  Aq  can  be  obtained  by  integrations 
also  for  a  more  general  surface,  but  the  equations  are  more 
complicated. 

-* 

The  function  is  not  uniquely  determined,  even  if  one 
keeps  ,  AQ,  the  function  ,  and  the  constant  in  Eq.  (126) 

fixed,  because  it  depends  upon  the  function  F^  (including  its 
continuation  through  fi) .  To  eliminate  this  ambiguity  we  add  the 
conditions 

div(B2D_2A2)  5  0  in  a  (129) 

and 

d_1a2  •  en  =  o  on  r  -  r2  (130) 

2 

In  the  last  equations  B  and  D  have  been  included  in  anticipation 
of  an  application  of  the  Prandtl-Glauert  coordinate  distortion. 
One  then  obtains  from  Eq.  (125) 

div(B2D  2A^)  -  div(82D  2  grad  F2)  =  0 

or 

(1-M2)F.  +  F.  +  F.  =  div(B2D_2A.)  in  fl 

0  2, xx  2,yy  2,zz  1 

and 

grad  F_  •  (D  1e  )  =  A.  *  D  *e  on  r 
2  n  i  n  2 


that  F2  and  with  it 


A2  are  uniquely 


We  demonstrate 

oetermined,  by  the  additional  conditions  (Eqs.  (12 9)  and  (130)). 
the  function 


...  •  2 

follows. 


F ^  can  be  determined  from  Eq.  (124)  as 


For  given  A.  and  An  the  function  F  on  the  left  of 


tc . 


1  "0 

(124)  is  determined  from  Eq.  (122);  it  will  increase  by  some 


constant  if  is  replaced  by  p2  +  L.  The  constant  in  Eq.  (124) 
is  determined  from  the  equation 

F(P1/P2  +  L)  -  F(p1/p2)  =  const(F1(p1>p2  +  L)  -  F1(P1'P2)) 

(One  remembers  that  F^  is  a  prechosen  standard  function.)  One 
thus  obtains  F^  on  r^.  It  follows  that  F^  is  determined  by  a 
well-posed  boundary  value  problem  for  a  Poisson  equation. 

The  original  problem  can  now  be  reformulated: 


m(grad  $ )  -  curl  A  =  0  (131) 

div  b2D_2A  =  0  (132) 

Axe  =  A_  x  e  +  const  grad  F,  x  e  on  r~  (133) 

nun  In  Z 

D  ^A  •  e  =0  on  r  -  r_  (134) 

n  2 

♦  *  f^  on  (135) 


Eqs.  (131)  and  (132)  give  four  equations  for  the  three  components 
of  A  and  for  4>.  These  equations  represent  the  formulation  of  the 
original  problem.  The  idea  of  residual  minimization  has  not  yet 
been  introduced. 

The  introduction  of  the  additional  conditions  Eqs.  (133) 

and  (134)  which  make  A  unique  is  desirable  even  from  a  computa- 
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tional  point  of  view.  If  A  is  not  uniquely  determined,  then  the 
system  which  determines  A  is  degenerate,  viz.,  the  equations  are 
linearly  dependent.  Because  of  truncation  and/or  rounding 
errors,  the  system  will  in  practice  not  be  degenerate  although 
its  determinant  will  be  close  to  zero.  In  this  case  one  obtains 
only  one  solution  for  A  and  it  is  close  to  some  solution  of  the 
ideal  system.  But  the  approximation  for  A  so  obtained  depends 
upon  the  truncation  and/or  rounding  errors:  it  may  change  wildly 
from  one  iteration  step  to  the  next  (although  the  important 
quantity  curl  A  may  change  only  little).  Such  fluctuations  of 


Shock  conditions  are  expressed  simply  by  the  requirement 

that  $  and  the  components  of  A  in  the  shock  surface  are 

continuous  at  the  shock.  The  first  condition  guarantees  that  the 

components  of  the  velocity  tangential  to  the  shock  are 

continuous,  the  second  one  that  curl  A  •  e  remains  unchanged. 

s ,  n 

In  analogy  to  Eq.  (132)  one  can  even  postulate  that  there  is  no 
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jump  of  the  component  of  D  A  normal  to  the  shock.  (This  amounts 
to  the  requirement  that  Eq.  (134)  be  satisfied  as  one  passes 
through  the  shock.)  It  follows  that  in  this  formulation  tne 
shock  need  not  be  excised  from  the  flow  field.  Of  course  one 
needs  rather  small  elements  in  order  to  obtain  a  good  definition 
of  the  shock  shape. 

To  determine  the  form  of  the  functional  J  which  taxes  the 
Prandtl-Glauert  coordinate  distortions  into  account,  we  go  back 
to  Eq.  (131).  In  dealing  with  a  flow  field  which  approaches  a 
parallel  flow  as  one  goes  to  infinity,  it  is  practical  to  deal 
with  only  the  deviation  from  this  parallel  flow,  although  these 
deviations  need  not  be  small.  Accordingly,  we  set 

4i  =  xw  •  I  +  4>*  (136) 

®  X 

m(w0*ex+grad  <*'  )  =  p0wQex  +  m' (grad  *'  )  (137) 

and 

A  =  -|(yez  -  zey)pQw0  +  A'  (138) 


One  then  has 


div  m  =  div  m'  (grad  )  =  0  (139) 

ana  .n  analogy  to  Eq.  (131) 

iff' (grad  4>*  )  -  curl  K'  =  0.  (140) 

For  a  linearized  parallel  flow  one  obtains  (with  Eqs.  (104)  and 
(105)  ) 
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For  a  linearized  parallel  flow  one  obtains  (with  Eqs.  (104)  and 
(105)) 


m'  =  pqB2D  2(grad 

♦  '  ) 

(141) 

One  has  with  Eqs.  (106) 

*  2-1 
m'  =  0^  B  D  (grad 

♦  '  ) 

(141a) 

Hence  from  Eq.  (141),  taking  into  account  that  p^  and  B  are 
constant 

div  m1  =  div(D  2  grad  $') 

and  with  Eqs.  (106) 

di v( grad  $ ' )  =0 

We  set  in  analogy  with  Eq.  (131) 

grad  $ '  -  curl  B'  =  0 


This  suggests  that  one  define 


J 


[(grad  ♦  '  -  curl  B)2  +  (div  B)2]dT' 

n 


The  second  term  in  the  integrand  is  included  to  make  B  unique. 
Returning  to  m'  ,  first  in  the  linearized  form,  but  then  for  the 
general  problem,  one  obtains,  with  Eq.  (141a) 


J  = 


C  (  P 


-1 


-2  •* 

B  Dm' 


-  curl  B)  +  (div 


B ) 2 ]d t 


We  now  return  to  the  original  coordinates,  using  Eqs.  (107) 


J  =  [(  o"1  8_2Dm'  -  B*2D  curl  DB)-2  +  d  i  v  ( D- 1  B )  2  ]  B2d  t 


We  set 


?  0  DB  =  A' 

2  2 

After  multiplying  with  a  constant  Pq  b  ,  wmch  is  unessential  in 
the  minimization  process,  one  obtains 

J  =  -~  | { [ D ( m '  -  curl  A')]2  +  ( d iv ( B 2D_ 2A ’ ) ) 2 }a t  (142) 

u 


In  this  formulation  the  expression  Eq .  (140)  appears,  except  that 
it  is  modified  by  the  operator  D,  which  gives  different  weights 
to  different  components.  The  second  term,  introduced  to  make  § 
and  consequently  also  A  unique,  appears  in  the  form  anticipated 
in  Eq .  (132). 

The  Euler  equations  of  the  variational  problem  can  be 
interpreted  as  follows.  We  can  disregard  Eqs.  (132)  and  (134) 
which  are  introduced  to  define  X  uniquely,  but  are  not  needed  to 
define  the  flow  field.  In  the  numerical  work  these  conditions 
ought  to  be  introduced  explicitly.  Tnen  one  has  to  minimize 

[D(m(grad  $ )  -  curl  A]2dt  (143) 

To  oe  varied  are  $  and  A.  Then 


5  J 


[D(m(grad  $ ) 

a 


curl  A)  ] 


2 


[D(M  grad  6* 


curl  6 A ] d t 


We  use  Eqs.  (36)  and  (37),  the  fact  that  M  and  D  are  symmetric 
matrices,  and  the  boundary  conditions  for  6$  and  5A  resulting 
from  Eqs.  (133)  and  (135).  It  follows  from  Eq.  (133)  that 


6  A 


e 

n 


(  6  const)  (grad  F ^ 


e  ) 


on  r _ 


fin 


Then  one  obtains 


6J  = 


r-  r. 


6  $  (  MD  (m  -  curl  A)*en)do  - 


t-  r. 


[(D2(m  -  curl  A  )  )  ,  5A  ,  e  ]do  - 

n 


d  i  v  ( D  2  M  (  m  -  curl  A ) ) 6  $ 


(144) 

curl(D2(rri  -  curl  A))*6A  =  0 


This  gives  the  Euler  equations 


div(MD  (m  -  curl  A))  =  0 


and 


(145) 


curl(D  (m  -  curl  A))  =  0, 


Let  r  be  the  modified  residual  in  the  original  equations 


r  =  D  ( m  -  curl  A) 


(146) 


Then,  from  Eqs.  (145) 


div[M  r]  =  0 

(147) 

curl  r  =0. 

Denoting  by  W  the  deviation  of  w  in  a  perturbed  flow  field  from 

-¥ 

the  values  of  w  in  an  existing  flow  field,  and  linearizing 
Eqs.  (25)  and  (26),  one  obtains 

div[M  W]  =  0 

(148) 

curl  W  =0. 


Cr.e  finds  that  the  Euler  Eqs.  (147)  and  the  linearized  Eq.  (148) 
are  identical  if  one  replaces  r  by  W.  The  boundary  conditions 
for  the  variational  problems  must  be  of  such  a  nature  that  they 
guarantee  r  =  0. 


61 


One  obtains  from  Eq.  (144) 


M  r  *  e  =  0  on  r  -  r. 

n  1 

(149) 

r  x  e  =  0  on  r  -  r_. 


(grad  F 


*  e  )do  =  0 
n 


(150) 


The  last  condition  is  obtained  from  the  equation  preceding  Eq. 
(144).  In  a  subsonic  flow  one  has  r  -  and  r  -  . 

The  analogon  to  the  boundary  conditions  Eq .  (149)  arises  by 

linearizing  the  boundary  conditions  Eq.  (28)  and  (29)  for  w  (with 

-¥ 

the  inhomogeneous  terms  set  equal  to  zero.  Accordingly,  r 
satisfies  the  same  kind  of  boundary  value  problem  as  the  function 
w.  In  the  discussion  following  Eqs.  (28)  and  (29)  we  had  pointed 
out,  that  one  additional  condition  is  needed  to  give  a  uniquely 
determined  solution,  and  given  examples  of  such  conditions.  In 
the  present  context  a  condition  of  this  kind  arises  again,  namely 
Eq.  (150).  These  conditions  guarantee  that  r  =  0. 

The  corresponding  two-dimensional  formulation  is  given  by 


m ( g rad  $ )  -  ( 


<t*  e 

y  x 


-  ♦  e  )  = 
x  y 


(151) 


V;e  consider  the  example  of  a  flow  through  a  duct  (Fig.  3)  and 
prescribe  4>  at  the  entrance  and  at  the  end  sections.  The  walls 
are  given  by 


x  =  x(s)  and  y  =  y(s) 


Then  one  has 


m  ( grad  $  )  *e  =  f  (  s  ) 


(152) 


The  parameter  s  gives  the  length  along  the  walls.  Then 

e^  =  -(dy/ds)ex  +  (dx/ds)e^ 
and  from  Eqs.  (127)  and  (128) 

(dy/ds)  -  4  (dx/ds)  =  f(s) 

y  * 

4>  =  -F(s)  +  c  (153) 


where 


F  (  s  )  =  f  (  s  )  ds 


(154) 


and  c  is  arbitrary.  Eq .  (153)  (formulated  for  the  upper  and 
lower  wall)  is  the  boundary  condition  in  terms  of  4>.  Since  the 
original  system  of  differential  equations  contains  only 
derivatives  of  one  of  the  constants  can  be  chosen  zero. 
Minimizing  the  residual  (without  introducing  the  Prandtl-Glauert 
distortion)  one  now  postulates 


(m(grad  ♦)  -  e  ♦  +  e  \|>  )  )  dxdy  =  Min 

.  x  y  y  x 


Hence 


(m(grad  4>  -  e  4<  +  e  4  )  *  (M  grad  -  e  4  +  e  4  )dxdy  =  0 


x  y  y  x 


x  y  y  x 


r  =  m(grad  $ )  -  e  4<  +  e  4 

x  y  y  x 


with  components  r^  and  r^-  Then  by  carrying  out  integrations  by 


(Mr  •  e  )  6  $ds  + 
n 


(r.dx  +  r  dy)  6* 


-  f  3^1 

(div  M  r)  6$dT  +  (— —  -  — )  6  4x3  t  =  0 

k  a  y  3x 


Now 


6$  =  0  on  r. 


6 =  6c  on  the  upper  boundary 


Hence  one  obtains  the  Euler  equations 


div(M  r)  =  0 


curl  r  =  0 


( M  r)  *e  =0  on  r  -  r. 

n  1 


dx 


rl  S  *  ?2  -  0  on  r  -  f2 


(?1  35  *  ?2  3$)  -  0  on  r2,l 


2/1 


•¥ 

where  r  refers  to  the  upper  boundary.  If  one  considers  r  as 
z  ' 1  -» 

the  analogue  to  w,  then  one  has  exactly  the  linearized  form  of 
the  differential  equation  and  of  the  boundary  conditions  in  the  w 
formulation.  The  last  condition  expresses  the  analogue  of  the 
potential  difference  between  entrance  and  exit  cross  section/ 
evaluated  by  a  path  which  follows  the  upper  contour. 

It  should  be  possible  to  interpret  the  two-dimensional 
formulation  as  a  special  case  of  the  three-dimensional  problem. 
For  this  purpose  we  introduce  two  planes  z  =  0  and  z  =  z^  as 
additional  boundaries  and  postulate  along  these  planes  m  •  en  =  0 
(Fig.  4).  The  surface  then  consists  of  these  planes  and  the 
upper  and  lower  boundary  of  the  channel.  The  function  A  now 
assumes  the  form 
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(155) 


A  =  * ( x,y)ez 

In  the  flow  field  this  obviously  satisfies  Eqs.  (132)  and,  at  the 
entrance  and  exit  cross  sections,  Eq.  (134).  The  function  A^ 
which  occurs  in  the  boundary  condition  Eq.  (133)  must  satisfy 

4  ♦ 

curl  Aa  •  e  =  m  *  e 
On  n 


One  has 


curl  A0  ex(3y  ^03  -  3z  A02)  +  ey ( j z  Aq1  -  3x  AQ3) 


•*  ,  3  ♦  3  ■*  . 

+  ®z  Tx  A02  "  T7  A01J 


(As  always,  the  second  subscript  1,2,3  refer  respectively  to  the 
x, y,z  components.)  If  one  chooses 


0,  A02  =  0,  A03  =  -F ( x, y) 


(156) 


at  the  upper  and  lower  boundary,  then 


•¥ 

curl  Aq 


-►  3F  ♦  3F 
e  —  +  e  — 
x  3y  y  3 x 


Since 


e 

n 


♦  dy  dx 

x  ds  y  ds 


one  obtains 


curi  A0  *  en  =  -  if  =  +  f(s) 

This  together  with  Eq.  (152)  shows  that  for  the  upper  and  lower 

surface  the  choice  Eq.  (156)  for  Aq  is  correct.  One  sets 
♦ 

A„  *  e  =  0  for  the  surfaces  z  =  0  and  z  =  z„  . 

u  n  0 

The  function  F^(x,y,z)  which  also  occurs  in  the  boundary 
condition  Eq.  (133)  has  the  following  property.  It  must  increase 


- T 


.  'I  ’  V 


.  u  1 1. . -w  ■  .  *  v.  :«-rTA  t-tt*  v  r  r*r^7r  ▼j  • v  *  n  j  wr* .  •  j  v  j  ^ 


T*" 


by  a  constant  if  one  travels  along  a  closed  path  around  the 
walls;  one  may  for  instance  travel  in  the  positive  z  direction  in 
the  upper  boundary/  in  the  negative  y  direction  in  the  boundary 
z  =  z0 ,  in  the  negative  z  direction  in  the  lower  boundary/  and  in 
the  positive  z  direction  in  the  plane  z  =  0.  A  suitable  form  for 
such  a  function  is 


Then  grad  F^  =  ez  at  the  upper 
surfaces.  Then  from  Eq.  (133) 
the  upper  boundary  surface 


upper  boundary 
plane  z^  =  const 
lower  boundary 
boundary  z  =  0 

boundary  and  zero  in  all  other 

-¥ 

for  the  components  of  A  lying  in 


A 


e 

z 


-e  F  +  ce 
z  z 


or 

^  =  -F  +  c 

as  in  Eq.  (153).  The  application  to  the  other  surfaces  r is 
self-evident . 

The  entrance  cross  section  for  a  two-  or  three-dimensional 
supersonic  flow  in  a  tunnel  belongs  to  and  r^.  (Both  the 
potential  and  the  mass  flow  are  prescribed.)  The  surface 
(entrance  cross  section  and  side  walls)  is  simply  connected.  The 
function  F^  and/  consequently/  the  condition  Eq.  (150)  do  not 
appear.  Nothing  is  prescribed  in  the  exit  cross  section,  because 
it  belongs  to  r  -  as  well  as  r  -  .  The  boundary  problem  for 

r  is  that  for  a  supersonic  flow  linearized  in  the  vicinity  of  an 
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existing  flow,  but  the  boundary  conditions  are  prescribed  as  if 
the  flow  were  reversed  (Fig.  6). 

Further  discussions  are  needed  in  problems  in  which  a 
transition  from  a  supersonic  to  a  subsonic  flow  occurs.  In  a 
supersonic  flow  we  call  surfaces,  respectively,  space-like  or 
time-like,  if  the  velocity  component  in  the  direction  normal  to 
it  is  larger  or  smaller  than  the  velocity  of  sound.  (All  curves 
in  a  space-like  surface  lie  outside  of  the  fore  and  aft  Mach  cone 
pertaining  to  its  points;  in  a  time-like  surface  there  are  curves 
which  lie  within  these  Mach  cones).  The  entrance  and  the  exit 
cross  sections  of  a  supersonic  channel  are  space-like;  the  side 
walls  time-like.  A  shock  surface  is  space-like  with  respect  to 
the  flow  upstream  of  it,  it  is  time-like  with  respect  to  the  flow 
downstream  (if  this  flow  is  supersonic). 

In  the  presence  of  shocks,  additional  terms  arise  in  the 
equation  for  6J.  The  shock  surface  belongs  neither  to  r  -  r  nor 
to  r  -  r^;  6  $  and  6A  are  the  same  on  the  upstream  and  on  the 
downstream  side  of  the  shock,  but  they  can  vary  freely. 

Therefore,  one  obtains  additional  terms 

6* ( [MD2(m  -  curl  A)  •  e  ] +  do 

n  -  s 

s 

and 

<5 A  •  [D2(m  -  curl  A)  x  e  ]  *  do 

n  -  s 

s 

where  the  definitions  of  [...]+  and  do  are  the  same  as  in 

-  s 

Section  III.  This  gives  further  conditions 

[MD2(m  -  curl  A)  •  e  ]+  =  0  (157) 

n  - 

on  r 

s 

[D2(m  -  curl  A)  *  e  )+  =0  (15«) 

n  — 


67 


or  if  one  uses  the  definition  Eq.  (146) 


[M  rl!  *  ens  =  0 

t  r )  +  x  en  =0. 

The  same  equations  are  obtained  by  linearizing  the  shoe* 
conditions  Eq.  (51)  (in  the  w  formulation). 

A  further  term  61  arises  in  tne  presence  of  shocks  because 
one  mu~t  admit  deformations  of  the  shock,  and  one  does  not 
postulate  that  admissible  functions  satisfy  at  the  shock  (or 
anywhere  else) 


(159) 

(160) 


m(grad  $)  -  curl  A  =  0. 

This  correction  is  given  by 

|  ( D(m(grad  4»  )  -  curl  A))2  6fgdydz 

Fs 

where  fg  is  defined  in  Eq.  (49).  This  yields  a  further  condition 

^  2  4* 

[D(m(grad  $ )  -  curl  A)  ]_  =0  on  r 2  (161) 

Again  we  study  the  boundary  value  problem  for  the  residuals 

r  given  by  the  Euler  equations.  These  equations  will  be 

satisfied  when  the  minimum  is  attained.  Consider  the  flow  in  a 

divergent  channel  which  returns  from  supersonic  to  subsonic 

speeds  through  a  shock  (see  Fig.  7).  At  the  entrance  cross 

section  one  prescribes  <t>  and  A  x  e^,  at  the  side  wall  A  x  efi  and 

at  the  exit  section  $ .  The  values  of  $  at  the  exit  cross  section 

determines  the  location  of  the  shock  in  the  channel.  The  exit 

section  belongs  to  r  -  r2;  there  one  must  prescribe  because  of 

-qs.  (149)  r  «  en  =  0;  at  the  side  walls  one  must  prescribe 

M  r  •  e  =  0  as  tnis  belongs  to  the  portion  of  the  contour 
n 

:  -  r ^ .  No  condition  for  r  can  be  prescribed  in  the  entrance 


cross  section  for  it  belongs  (as  every  supersonic  entrance  cross 
section)  neither  to  r  -  r ^  nor  to  r  -  r 

The  subsonic  region  has  as  boundary  the  exit  section,  part 
of  the  side  walls,  and  the  downstream  side  of  the  shock.  The 
data  prescribed  so  far  are  not  sufficient  to  guarantee  r  e  0  in 
the  subsonic  region.  To  obtain  a  well-posed  problem  for  r  one 
must  prescribe  some  condition  at  the  remaining  boundary  of  the 
subonic  region,  which  is  given  by  the  downstream  side  of  the 
shock,  for  instance 


M  r  *  e 

ns 


0  at  r  . 
s 


(  162  ) 


Then  one  has  r  =  0  in  the  entire  subsonic  region,  including,  of 
course,  at  the  downstream  side  of  the  shock.  But  r  satisfies  the 
linearized  shock  conditions  Eqs.  (159)  and  (160).  Since  the 
shock  is  a  space-like  surface  with  respect  to  the  flow  upstream 
of  it,  one  obtains  a  well-posed  boundary  value  problem  for  r 
(although  with  a  reversed  flow  direction  in  the  supersonic 
region).  This  then  guarantees  that  r  =  0  throughout  the  flow 
f  ield . 


Actually  one  minimizes  J  not  by  solving  the  Euler  equations 
but  by  a  search  procedure.  Then  the  condition  Eq .  (162)  does  not 
appear,  implicitly  one  satisfies  by  Eq .  (161).  This  equation  is 
certainly  satisfied  for  r+  =  r~  =  0  together  with  the  other 
boundary  conditions  for  r. 

Let  us  now  discuss  numerical  aspects,  although  so  tar  no 
measures  have  been  introduced  to  exclude  expansion  shock.  In  the 
numerical  treatment  one  will  impose  the  restrictions  on  A 
discussed  above,  namely 


d  iv 


2 


0 


(  163) 


and 


D-1  A 


=  0 


on  r  - 


(  164) 
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In  addition  one  has,  of  course,  the  boundary  conditions  of  the 
problem 


♦  =  fj  on  Tj  (165) 

Axe  =  A.,  *  e  +  c  grad  F.  x  e  on  r_  (166) 

n  0  n  y  In  2 

■f 

with  f^,  Aq,  and  F^  known.  The  functional  to  be  minimized  is 
then 

J  =  (1/2)  j  [D(m(grad  4>  )  -  curl  A)2  +  (div  B2D  2  A)2]dx  (167) 

n 

If  the  boundary  condition  Eqs.  (165)  and  (166)  are  of  a  nature 

that  cannot  be  expressed  exactly  by  means  of  the  shape  functions 

chosen  in  the  discretization,  then  one  will  add  integrals  over 

the  boundary  which  weight  the  residuals,  arising  in  the  boundary 

conditions,  in  the  same  manner  as  in  Section  III.  An  element  of 

the  function  space  is  now  given  by  the  functions  $  and  A  which 

satisfy  the  boundary  conditions.  Therefore,  implicit  in  this 

definition  are  the  functions  f^  (which  occurs  in  the  boundary 

condition  for  <t> )  and  the  function  A,,  x  e  (which  occur  in  the 

boundary  condition  for  A).  If  is  not  simply  connected,  the 

+  * 
boundary  values  of  A  are  furthermore  determined  by  the  function 

grad  F.  x  e  and  the  constant  c.  The  function  grad  F,  *  e  is 
^  in  y  1  n 

fixed  in  a  specific  problem.  The  constant  c  is  allowed  to  vary 
and,  therefore,  is  included  in  the  parameters  used  to  charac¬ 
terize  an  element  of  the  function  space.  If  one  chooses  to 
consider  the  shock  as  an  interior  boundary,  then  the  shock  shape 
(the  funct  on  f  (y,z))  belongs  to  the  characterization  of  an 
element  of  the  function  space,  and  the  shape  functions  pertaining 
to  elements  adjacent  to  the  shock  will  depend  upon  the  charac¬ 
terizes  of  t's.  The  unknown  functions  are  now  expressed  by 
shape  functions  x  and  shape  parameters  p. 
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1 


1,2,3 


A  .  (  x ,y  ,  z)  =  Z  p.  .  X  .  (  x ,y ,z )  ; 
1  .1  1  f  J  J 


4>  (x,y  ,z)  =  Z  p  .  .  x  ,  (  x,y,z) 

j  : 

Some  of  the  shape  parameters  p.  .  are  fixed  by  the  boundary 
conditions.  In  cases  where  is  not  simply  connected  some 
parameters  are  expressed  by  the  constant  c.  The  definition  for  J 
in  Eq .  (167)  presumes  that  one  does  not  specify  the  shock 
location,  in  other  words  one  carries  out  a  shock-capturing  pro¬ 
cedure.  If  one  prefers  to  consider  the  shock  as  an  interior 
boundary,  then  one  will  have  elements  which  have  the  shock 
surface  as  their  boundaries,  and  some  of  the  shape  function  will 
depend  upon  the  parameters  which  describe  the  shape  of  the  shock. 

Given  a  set  of  values  p.  .  (i  =  1,...4,),  and  if  one  so  chooses, 

1  r  J 

the  shape  functions  and  the  parameters  which  characterize  the 
shock,  one  can  evaluate  J.  The  derivatives  3J/3p.  .  which  are 

also  needed  in  the  search  process  are  best  found  by  numerical 
differentiation.  The  solution  of  the  discretized  problem  is 
given  by 


3J/3p.  .  =  0 

*1  •  3 

for  all  i’s  (including  eventually  the  shock  parameters)  and  all 
j’s.  If  one  specifies  the  shock  location,  then  one  has  as  shock 
cond i tions 


[*)+_  =  0,  [A]*  =  0 

The  last  equations  will  be  directly  taken  into  account  when  one 
computes  J. 

To  define  a  gradient  in  this  space,  which  is  necessary  if 
one  carries  out  a  conjugate  gradient  search,  one  must  introduce  a 


metric.  A  simple-minded  definition  of  the  scalar  product  between 
two  elements  A (  1  *  ,  $  * 1  *  ,  f  * 1  )  and  A^  2\ p  ^  2  >  ,  £  ^^  2  ^  is  given  by 


ia(1),*(1),f  (1)),a(2),*(2),f  (2)» 


(169) 


=  M  if (  1  *  (  x,  y  ,  z  )  *  ^  2  ^  (  x,  y  ,  z)  +  Z  A^  1 *  (  x  ,y  ,  z )  a|  2  '  (  x  ,  y  , z  )  )  di 
•R  i 


cs<y,z)fs(1)(y,z)fs(2)  (y / z) dydz 


An  equivalent  scalar  product  can  be  defined  in  the  space  of  the 


p .  '  s 

i-J 


, ,  (1)  (1 ) ,  ,  ( 2 )  ( 2)  . 
[(Pi  'Ps  )>(pi  'ps  )] 


=  z  Z  p.  (1)  p.  ,<2)  +  const  I  P  (1>  p  (2) 
i  j  ^  j  s'3 


(  170) 


The  gradient  is,  of  course,  characterized  in  the  same  manner  as 
the  elements  of  the  function  space.  Corresponding  to  A,  p,  and 
f  we  characterize  the  gradient  by  g^ ,  g  ,  gfg.  Denoting  again 

the  shape  parameters  for  the  g's  by  q  with  appropriate  subscripts 
one  has 


X 

N 

=  z 

J 

qio 

X  j  (  x  ,  y  ,  z  ) 

i  =  1,2,3 

g* (x,y,z) 

=  z 

j 

q4,J 

X 

X 

> 

*< 

> 

N 

gfs(y,z) 

=  z 

j 

qs  ,  j 

x_  ^(y.z) 

&  r  J 

Immediately  using  the  definition  for  the  scalar  product,  in 
Eq .  ^170)  we  express  a  change  of  J,  once  by 


6J 


Z  ( 3J/3p.  ) 6p 

■  •  1  f  I  1- 

lj  J 


3  J/3p 


s  ,y 


6p 


s  #y 
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a  second  time  by 


t«j 


=  irj  qi.J  Spi.3  *  COnSt  5  qs,]  Sps.j 


one  obtains 


q .  =  3 J/3p . 

i / J  Fi»J 

q  .  =  const  ^  3 J/3 p 
s  ,  3  s  ,  3 

This  is  the  gradient  in  the  p.  space.  As  in  Section  III,  the 

1 '  J  - 

determination  of  6J  in  terms  of  6 <t>  ,  6A,  and  6f  requires  the 

s 

formation  of  second  derivatives  (see  Eq .  (144)).  No  such 
derivatives  are  encountered  in  the  definition  of  the  scalar 
product  used  here.  For  the  gradient  function  obtained  by  the 
present  procedure,  certain  derivatives  which  exist  for  <t>  and  A 
will  not  exist.  Theoretically  this  holds  only  for  the  infinite¬ 
dimensional  function  space;  in  the  discretized  version  the  short¬ 
comings  of  the  definition  of  the  scalar  product  manifest  itself 
in  the  difficulties  encountered  if  one  tries  to  find  the  minimum 
in  a  space  for  which  surfaces  of  constant  J  are  similar  to  very 
elongated  ellipsoids.  This  difficulty  can  perhaps  be  overcome  by 
using  multigrid  methods.  This  means  that  in  part  of  the  computa¬ 
tions  one  uses  a  vector  space  with  a  lower  number  of  dimensions, 
in  which  the  shortest  axes  of  the  ellipsoids  are  not  present. 

A  better  founded  approach  is  obtained  by  using  a  definition 
of  the  scalar  product  similar  to  that  of  Bristeau. 


[<A(1),*(1),f  (1)),<A(2),*(2),f  (2)>] 

S  S 


(  171  ) 


((I  D  ^grad  A  ,^^*D  ^grad  A .  ^  2  ^  )  +  grad  D 

i  1 


-1  (  2  ) 

*  grad  D  $  )dt  +  const 


f  (1)  (2) 
fs  fs  dydz 
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This  form  takes  a  Prandtl-Glaue rt  coordinate  distortion  into 

account.  The  expression  6J  does  not  contain  derivatives  of  fg. 

No  derivatives  of  f  (as  in  grad  f  )  are,  therefore,  needed  in 

s  s 

the  definition  of  the  scalar  product.  Then 


(gA,g »gs > * ( 6a, , 6fg ) ] 

f  __  2 

=  j  (i(D  ‘"grad  g.  .  *  grad  6A.  )  +  (D  grad  g  ) 

i  A 1  1  9 


(172) 

*  g  rad  6  ♦  )  d* 


+  [  gs  6fsdydz 


Tne  integrals  are  again  expressed  in  terms  of  shape  parameters; 
one  obtains  a  sparse  system  of  equations  for  the  q's.  Details 
are  omitted  because  of  the  close  analogy  to  the  procedure  of 
section  III.  The  equations  for  g^  and  g  are  in  theory  Laplace 

equations  (in  the  distorted  system)  and  in  practice 
approximations  thereof. 
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SECTION  V 

THE  APPROACH  OF  BRISTEAU 


Bristeau  (Reference  2)  starts  from  the  differential 
equa  t  ion 

div(m(grad  $))  =  0  (173) 

with  boundary  conditions 

$=f1(x,y,z)  on  Tj  (174) 

in  *  en  =  f2(x,y,z)  on  r2  (175) 

The  portions  and  r2  of  the  boundary  r  are  chosen  as  in 
Sections  III  and  IV,  so  that  one  obtains  a  well-posed  problem. 

The  Bristeau  procedure  is  immediately  formulated  as  if  it 
were  carried  out  in  the  distorted  coordinates.  One  has, 
according  to  Eq .  (123) 

div  m  =  div  Dm. 

We  associate  with  the  residual  in  Eq .  (173)  a  function  £  by 
setting 

div  grad  £  =  div  Dm  (176) 

or  in  the  original  coordinates 

div  D  ^  grad  £  =  div  m(grad  $ )  (177) 

s^oject  to  certain  boundary  conditions,  which  guarantee  that 
graa  £  =  0  if  div  Dm  =  0 .  They  will  be  discussed  later.  One  now 
minimizes 


Obviously  the  minimum  is  attained  tor  grad  5  =  0.  This  implies 
~  -2 

that  div  grad  5  =  div  D  grad  5  =  0  ana  guarantees  because  of 
Eq .  (177)  that  the  original  differential  equation  ( Eq .  (173))  is 
satisfied.  With  Eq .  (107)  one  obtains  in  the  original 
coordinates,  except  for  an  unessential  factor 


J  =  \  ( D  1  grad  5  )  2dx 


(  178) 


We  form  the  variation  6J  due  to  a  variation  6$.  One  has 


6 J  =  (D  ^grad  5  *  D  ^grad  65)dx 


In  order  to  express  65  by  6$,  an  integration  by  parts  is  carried 


f  -2  *  f  -2 

6 J  =  j  5 ( D  grad  65  *  e^Jdo  ~  jC  div(D  yraa  6  5 ) d  t 


It  follows  from  Eq.  (177)  that 


div  D  grad  65  =  div(M  grad  6$) 


6  j  =  1  5  ( D  ^grad  65  *  e  )do  -  5div(M  grad  6<|>)dx 


(179) 


C((D  grad  65  -  m  grad  6  <p  )  •  e  )do  +  !  grad  5  *  M  graa  6$dx 

j  nj 

r  fi 


i'o  express  6j  in  terms  of  6  $  one  must  of  course  evaluate  5,  but 
according  to  the  last  equation  one  also  needs  at  the  boundary  the 
values  of  65  expressed  by  6$.  This  task  is  avoided  by  the 
following  choice  of  the  boundary  conditions  for  5 


D_2grad  £  •  e  -  ((m(grad  «))*e  -  f_)  =0  on  r„ 

3  n  n  2.  l 

£  =  0  on  r  - 

By  Eqs .  (107)  and  (108)  one  has 

-2  ^  “► 

D  grad  £  •  en  =  const  grad  £  • 


(  180) 

(181  ) 


Eq .  (180)  gives 

(D  grad  6£  -  M  grad  6  $  )  •  e  =0  on  (182) 

n  z 

One  therefore  obtains 


6  J 


j  M  g rad  £  •  grad  S4>dt 
U 


(  183  ) 


This  equation  will  be  the  starting  point  of  the  numerical 
work.  To  gain  some  further  theoretical  insight  we  derive  the 
Euler  equations  of  the  variational  problem.  They  will  be 
satistied  if  the  minimum  has  been  found,  but  in  the  methods 
discussed  here  they  will  not  be  used  in  the  determination  of  the 
minimum.  Carrying  out  a  further  integration  by  parts  of  Eq . 
(183)  one  obtains 


6J  = 


r-r  - 


(M  grad  £  *  en)6$do  -  j  div(M  grad  £ ) 6 0 d t 


=  0 


(184) 


The  restriction  of  the  surface  integral  to  r  -  is 
possible  because  of  Eq .  (148).  This  gives  the  Euler  equation 


d i v (  M  grad  £  )  =  0 
witn  the  boundary  condition 

M  grad  £  *  en  =  U  on  r  -  r ^ 


(  185) 


(186) 
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in  addition  one  has  Eq.  (181)  viz. 

5=0  on  r  -  ?2  (187) 

For  an  interpretation  we  remember  that  the  function  5  is 
related  to  the  residual  in  Eq.  (173)  by  Eq.  (177).  The  system  of 
equations  for  $  can  be  regarded  as  a  system  for  5.  The  partial 
differential  equation  for  5  is  the  differential  equation  for  $ 
linearized  for  the  vicinity  of  some  solution.  Elliptic  and 
nyperbolic  regions  of  the  original  problem  are  again  elliptic  and 
hyperbolic  regions  in  the  differential  equation  for  5. 

In  a  purely  subsonic  problem  one  obtains  boundary  conditions 
for  5  which  arise  by  a  linearization  of  Eqs.  (174)  and  (175),  and 
by  replacing  the  perturbation  of  $  by  5.  Here  r  -  r2  =  and 
r  -  r  ^  =  r  2*  For  a  purely  supersonic  flow  in  a  channel  we 
ootain  the  same  situation  as  in  the  preceding  section.  The 
entrance  cross  section  belongs  to  r ^  and  r2,  therefore,  no 
ooundary  conditions  for  5  are  encountered.  The  exit  cross 
section  belongs  neither  to  nor  to  r2.  Both  conditions  Eqs. 
(186)  and  (187)  must  be  imposed. 

For  the  flow  in  a  divergent  channel  which  goes  from 
supersonic  to  subsonic  speeds  by  means  of  a  shock,  one  has  a 
situation  analogous  to  that  of  Section  IV.  To  guarantee  that 
5  =  0  in  the  subsonic  region  one  needs  boundary  conditions  for  5 
along  the  entire  boundary  of  the  subsonic  region.  This  means 
that  some  homogeneous  boundary  condition  must  be  provided  at  the 
snock.  If  such  a  condition  is  given,  then  because  of  the 
continuity  of  5  one  has  on  tne  upstream  side  of  tne  shock  5=0, 
and  because  of  tne  differential  equation  (Eq.  (185))  (interpreted 
- n  tne  sense  of  a  weax  solution)  also  a  condition  for  a  certain 
derivative.  This  together  with  the  boundary  conditions  at  the 
jide  walls  ensure  that  5  =  0  in  the  supersonic  region.  There  is 
however  a  difference.  In  the  preceding  sections  it  was  possible 
to  express  tne  residual  directly  in  terms  of  local  data  for  the 
current  approximation  to  the  solution  of  the  original  problem. 

Here  5  is  tied  to  the  residual  in  the  original  differential 
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equation  by  a  partial  differential  equation  (Eq.  (177)).  A 
direct  solution  of  the  Euler  equations  with  its  boundary 
conditions  and  a  formulation  of  a  condition  of  this  Kind  at  the 
shock  in  terms  of  $  will,  therefore,  be  practically  impossible. 

As  in  the  preceding  section,  the  variation  of  the  shock  position 
leads  to  a  condition  at  the  shock  of  a  different  form,  which 
replaces  such  a  requirement.  Even  if  the  shock  position  is  not 
changed,  tne  Euler  equation  (Eq.  (185))  interpreted  in  the  sense 
of  generalized  functions  gives 

[M  grad  5]*  *  ®n  =  0  (188) 

Since  the  matrix  M  upstream  and  downstream  of  the  shock  is  not 
the  same,  this  equation  shows  that  at  a  shock  grad  5  is  in 
general  not  continuous.  In  order  for  the  shock  position  to  have 
no  influence  on  J  (Eq.  (151))  one  must,  therefore,  have 

[(D“1grad  U2)*  ■  0  (189) 

Because  of  the  continuity  of  5  only  the  component  of  D-igrad  5 
normal  to  the  shock  can  change.  Eq.  (189)  is  therefore 
equivalent  with 

[ ( D-1grad  5  •  en)2]*  =  0  (190) 

This  is  the  desired  additional  condition,  it  will  automatically 
be  satisfied  in  a  search  procedure  in  which  the  shock  position  is 
allowed  to  vary. 

To  analyze  the  problems  arising  in  the  transition  from  a 
subsonic  to  a  supersonic  flow  through  a  sonic  line,  we  consider 
the  flow  in  the  lower  half  of  a  Laval  nozzle  (Figs.  8).  Notice 
the  relative  locations  of  the  sonic  line  CE,  the  "limiting" 
characteristics  DC  (namely  the  last  characteristic  which  starting 
at  the  contour  and  running  downstream  reaches  the  sonic  line)  and 
the  characteristic  CF  which  is  the  last  to  start  at  the  sonic 
line  and  not  at  the  side  walls.  The  contour  HFDABCG  is  either  of 


the  type  or  and  there  is  no  overlap  of  the  two  types.  The 
exit  cross  section  belongs  neither  to  nor  to  ^ .  Since  the 
differential  equation  for  5  is  the  linearized  form  of  the 
original  problem,  one  has  just  enough  condition  along  DEABC  that 
after  the  minimum  has  been  reached,  5  =  0  in  DEABCD.  This  is  the 
subsonic  region  and  the  supersonic  region  upstream  of  the 
limiting  characteristic.  The  exit  cross  section  GH  belongs 
neither  to  nor  to  as  in  the  purely  supersonic  problem.  One 
therefore  obtains 


5  =  0 


M  grad  5  '  e  =  0 
n 


on  GH 


This  together  with  the  homogeneous  boundary  conditions  for  5  on 
CG  and  HF  guarantee  that  5  =  0  in  CGHFC .  In  the  triangle  DCF  one 
obtains  5  =  0,  because,  as  a  consequence  of  the  above  results, 
5=0  along  CF  and  along  CD.  For  the  determination  of  5  a 
boundary  condition  along  DF  is,  therefore,  not  necessary.  The 
homogeneous  boundary  condition  which  one  encounters  there  is  of 
course  compatible  with  5=0. 

To  carry  out  a  search  procedure  by  means  of  the  method  of 
conjugate  gradients  one  needs  a  distance  definition  in  the  <t> 
space.  In  a  simple-minded  procedure  one  might  derive  it  from  the 
scalar  product 


[0 


(1)  A  2) 


=  1 


UM2) 


dT 


Denoting  the  gradient  vector  by  g(x,y,z),  one  then  has 

6J  =  g(x,y,z) 6$(x,y,z)dT 
Comparing  with  Eq.  (184),  one  then  finds 


g ( x , y , z )  =  div(M  grad  5) 


This,  however,  leads  to  familiar  difficulties.  Because  of  the 
double  differentiation  on  the  right  of  the  last  equation  the 
function  g  will  not  lie  within  the  space  of  admissible  functions. 
In  the  discretized  form  of  a  finite  dimensional  vector  space, 
this  difficulty  is  again  camouflaged. 

The  scalar  product  used  by  Bristeau  and  her  co-workers 
revised  for  the  Prandtl-Glauert  coordinate  distortion  is  given  by 


U 


( 1 ) 


( D  *grad  $ ^  ^  ) 

n 


grad 


)dx 


Then 


6  J  =  [  g ,  6  ♦  ]  = 


D  ^grad  g  •  D  ''"grad  6$dt 


Hence  with  Eq .  (183) 


M  grad  £  •  grad  64>dt  =  I  D  1grad  g  •  D  ^grad  64>dt  (191) 


On 


r^,  the  gradient  function  g  satisfies  the  same  condition  as  6$ 


6g  =  0  on  r1 


(192) 


No  restriction  on  g  is  imposed  on  r^.  Eqs.  (191)  and  (192)  are 
the  starting  points  for  numerical  work. 

To  recognize  the  character  of  the  equation  for  g  we  carry 
out  an  integration  by  parts  in  Eq .  (191),  and  apply  Eq .  (192) 


|  6  ♦  [  D  2grad  g’e^do  - 


6 ♦ [ M  grad  £  *e  ]  do  “ 


-2 

div(D  grad  g  )  <t>  d  t 
div  (  M  grad  £  )dt 


Hence 


( D~2grad 


g ) 


e  =  (M  grad  £ ) 


on  r  -  r. 


(193) 
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(194) 


_  2 

div(D  grad  g)  =  div(M  grad  C) 

This  together  with  Eq.  (192)  shows  that  g  is  defined  except  for 
the  Prandtl-Glauer t  distortion  by  a  Poisson  equation  with 
classical  boundary  conditions. 

Next,  we  study  the  effect  of  shocks.  First  let  us 
disregard  the  variation  of  the  shock  location.  For  a  general 
element  of  the  function  space,  M  grad  C  will  be  discontinuous  at 
the  shock,  div(M  grad  C)  will  give  a  6-function.  At  a  shock  one 
has  a  jump  in  grad  £  while  $  and  £  are  continuous.  Approximating 
$  (and  C)  by  a  sequence  of  continuous  functions  with  continuous 
gradient  and  (conceptually)  determining  the  minima  of  J  on  the 
members  of  the  approximating  family,  one  automatically  takes  into 
account  in  the  limit  of  a  discontinuous  gradient  the  conditions 
which  prevail  at  the  shock.  To  obtain  good  results  the  approxi¬ 
mating  function  must  be  sufficiently  flexible.  Practically  this 
means  that  one  must  use  a  rather  fine  grid.  This  is  the  method 
usually  employed. 

For  completeness  we  also  examine  the  condition  if  one 
identifies  the  shock  in  all  iteration  steps.  Let  the  shock 
location  be  given  by 

x  =  f  (y,z) 
s 

In  such  a  procedure  the  shock  surface  is  considered  as  a  cut  in 
the  region  ft.  The  region  ft  so  modified  is  denoted  by  ft*;  ft* 
changes  of  course  from  iteration  to  iteration.  In  a  finite 
element  procedure  the  elements  adjacent  to  the  shock  will  change 
their  shape  as  the  shock  changes  its  position.  Admissible 
functions  <t>  are  continuous  and  have  continuous  gradient  in  ft*,  ♦ 
itself  is  continuous  through  the  shock. 

An  element  of  the  function  space  is  described  by  the 

function  41  and  by  the  function  f  (y,z).  The  definition  of  the 

s 

scalar  product  must  then  include  a  contribution  due  to  f 

s 
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f  '  'f  v i;do 
s  s 


=  j  D  grad  4> 
a 


D  g  rad 


4>  dx  +  const 


r 


+ 

s 


The  integration  is  extended  over  a,  but  there  is  not  a  difference 
if  one  uses  a  instead,  because  grad  $  is  bounded.  Conceptually, 
the  shock  surface  has  an  upstream  and  a  downstream  part.  The 
integration  in  Eq .  (194)  is  extended  over  the  upstream  part  r  +  . 

The  function  £  is  determined  by  $  in  the  same  manner  as 
before  (Eq.  (177)).  At  the  shock  £  is  continuous  and  Eq .  (177) 
is  assumed  to  hold  in  the  sense  of  weak  equality.  Therefore, 


,  —  1  ♦  .  +  .  ■*  ♦  + 
[D  grad  £  •  en]_  =  [m  •  en)_ 


(196) 


J  is  defined  as  before.  Then 


6 J  =  I  (D  1grad  £  •  D  1grad  6£)dt  + 


[  (  D  1grad  £)  V«f  dydz 

*  O 


The  first  integral  is  transformed  by  an  integration  by  parts  in 
the  same  manner  a-s  above  (see  Eq .  (179)).  With  the  same  boundary 
conditions  as  before,  the  first  integral  in  Eq .  (179)  needs  to  be 
extended  only  over  the  two  banks  of  the  shock  surface.  But  there 
it  vanishes,  for  it  follows  from  Eq .  (196)  that 

[grad  55  *  e  ]  +  =  [M  grad  5$  •  e  ] 

*  n  -  *  n 


Thus 


5 J  =  fgrad  5  *  (M  grad  5$)dt  + 
'ft 


[D  ^(grad  5)2)*5f  dydz  (197) 


The  gradient  in  the  function  space  now  contains  a  function  g^ 
referring  to  the  change  of  $  and  a  term  gf  referring  to  the 


change  of  f  .  According  to  the  definition  of  the  scalar  product 
s 

(Eq.  (195)),  one  now  has 


«J  =  r  (  g$'9f  s  )  *  (  «fs)  1 


=  'o'1 


grad  #  •  D  grad  d^dt 


+  const  g,  6f  do 

J+  fs  s 

r 

s 


Comparing  this  expression  with  Eq.  (197)  one  obtains 


2  + 

M  arad  £  •  grad  6$  +  [  (arad  5)  ]  6f  dydz  = 
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D  Igrad  g  •  D  ^grad  6$  +  const  g,  6f 
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This  equation  would  be  the  starting  point  of  the  numerical  work, 
The  Euler  equations  are  obtained  as  before.  One  obtains 

_  2 

div(D  grad  g.)  =  div(M  arad  <t>) 

[gj_  =  0  on  r= 


grad  a  •  e  =  (M  grad  C)  *  e  on  r  -  r  -  r 
'  $  n  n  Is 


9*  =  0 


on  r  -  r_  -  r 
2  s 


[grad  g^  •  enl+  =  [M  grad  *  en]  on 


gfs  =  const[(grad 


As  far  as  the  author  sees,  the  method  of  Bristeau  with  or 
without  shock  identification  encounters  one  difficulty.  In 
carrying  out  the  search  procedure  one  must  repeatedly  evaluate 
the  functional  J  and  for  this  purpose  the  function  C.  This 
requires  the  solution  of  a  Poisson  equation  which  is  a  rather 


costly  procedure.  All  other  methods  discussed  here  allow  one  to 
determine  the  functional  J  from  the  local  values  of  the  current 
approximation  to  the  dependent  variables  and  their  derivatives. 

In  the  discretized  form  of  the  problem  one  needs  the 

derivatives  of  the  funcational  J  with  respect  to  the  shape 

parameters.  In  previous  formulation  the  author  had  suggested 

that  this  be  done  by  numerical  differentiation.  In  the  present 

context  this  is  not  possible  because  each  evaluation  of  J 

requires  the  evaluation  of  £  for  a  different  function  #.  This/ 

however,  is  not  a  major  obstacle.  Let  be  the  shape  parameter 

which  belong  to  the  shape  function  x  . ,  and  p  the  shape 

3  s  /  k 

parameter  to  the  shape  function  <|^  used  in  the  approximation  of 
f  .  Then  from  Eq.  (197) 
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grad  £  •  grad 
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For  the  numerical  work  one  needs  a  discretized  form  for  £ 
as  well  as  <}>.  One  will  probably  use  the  same  shape  functions  x 
for  £  as  wi 11  #.  ■ 

5  ■  £  pt,i  *J 
*  *  1  p*,j  *j 

We  assume  that  admissible  functions#  and  5  satisfy  the  pertinent 
boundary  condition.  Eq.  (177)  is  satisfied  by  minimizing 


*  X  2 

[D  grad  5  -  m(grad  #)jdi 


with  respect  to  variations  of  5.  This  gives 
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Hence  by  varying  p 
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For  given  pA  ,  one  can  evaluate  m  and 
$  /  K 


(D-1m(I  p^  k  xk))‘grad  x^dr. 

a  k 


The  evaluation  is  not  too  time  consuming  because  grad  x^  has 

finite  support.  One  obtains  a  sparse  linear  system  with 

predetermined  coefficients  for  the  parameters  p  .. 

S  <  3 

Also  the  gradient  function  g  is  expressed  by  means  of 

$ 

shape  functions  x.«  One  obtains  from  Eq.  (198) 
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The  matrix  M  depends  upon  the  current  approximation  to  $ ,  grad  £ 
is  expressed  by  the  pertinent  coefficients  p  .  This  suffices 

S  /  * 

to  evaluate  the  right-hand  side.  The  matrix  on  the  left  is 
identical  with  that  of  Eq.  (199). 


SECTION  VI 

SOME  GENERAL  DISCUSSIONS 


The  formulations  of  the  concept  of  residual  minimization 
are  not  yet  complete.  Still  to  be  expressed  is  the  effect  of  a 
circulation  in  the  two-dimensional  case  and  of  a  wake  in  the 
three-dimensional  flows,  and  connected  with  it  the  formulation  of 
the  Kutta  condition  and  of  far  field  conditions.  In  addition,  we 
shall  discuss  the  question  of  damping  in  the  supersonic  region 
and  of  biasing  against  expansion  shocks.  In  this  section  we  make 
a  number  of  general  observations  to  provide  a  background  for  the 
treatment  of  these  questions. 

Methods  of  residual  minimization  have  the  advantage  of 
guaranteed  convergence.  Of  course,  if  an  error  has  been  in  the 
formulation,  which  does  not  allow  a  solution  to  exist,  then  the 
expressions  obtained  by  the  minimization  procedure  (i.e.,  the 
solutions  of  tne  Euler  equations)  will  fail  to  satisfy  the 
differential  equations;  in  spite  of  the  fact  that  the  minimiza¬ 
tion  procedure  converges.  Other  approaches  in  contrast  would 
display  some  warning  sign,  for  instance,  the  occurrence  of  an 
overdetermined  systems  of  equations  or  the  divergence  of  an 
iterative  approach.  On  the  other  hand,  if  the  formulation  is 
such  that  the  solution  is  not  unique,  as  for  instance  in  a  two- 
dimensional  flow  past  a  smooth  contour  for  which  the  circulation 
remains  undetermined  or  in  flows  with  a  supersonic  region  where 
expansion  as  well  as  compression  snocks  may  appear,  then  the 
function  J  will  vanish  not  at  a  single  point  but  along  some  curve 
of  the  function  space  under  consideration.  (If  one  thinks  of  a 
contour  map,  with  the  value  of  J  representing  the  height,  then 
one  has  in  the  function  space  a  valley  with  constant  height 
zero.)  In  this  case  the  search  procedure  will  give  as  a  result 
some  point  of  the  valley,  which  depends  upon  the  starting  point 
of  tne  search.  In  other  approaches  one  will  then  obtain  a 
degenerate  system.  In  such  cases  one  must  include  in  the 
expression  for  the  functional  J  additional  terms  which  increase 
the  functional  for  solutions  that  fail  tc  satisfy  some  additional 


condition,  for  instance,  a  preassigned  location  of  tne  rear 
stagnation  point  in  the  two-dimensional  flow  without  sharp 
trailing  edge.  In  two-dimensional  incompressible  or  compressible 
subsonic  flows  one  can  make  a  conformal  mapping  of  the  profile  on 
a  smooth  contour,  for  instance  on  a  circle.  The  Kutta  condition 
(no  flow  around  the  trailing  edge)  then  expresses  itself  by  the 
requirement  that  at  the  map  of  the  trailing  edge  the  velocity 
tangential  to  the  profile  be  zero.  The  essential  features  of 
boundary  value  problems  with  a  Kutta  condition  can,  therefore,  be 
discussed  for  a  smooth  contour  witn  assigned  position  of  the  rear 
stagnation  point.  In  this  form  it  is  easier  to  visualize  flows 
which  fail  to  satisfy  this  substitute  Kutta  condition.  One 
notices  that  the  Dirichlet  integrad  (grad  *)2dxdy  is  invariant 

under  a  conformal  mapping.  In  the  transformed  plane  with  a 
smooth  contour  the  integral  is  finite  even  if  the  substitute 
Kutta  condition  is  not  satisfied,  the  integral  in  the  original 
flow  plane  is  therefore  finite,  too,  although  grad  *  tends  to 
infinity.  Integrals  of  this  kind  occur  in  the  *, *  formulation, 
where  one  minimizes 

**  "*■  -v  _ 

<m(grad  * )  -  ex*y  +  e  *g ) 2dxdy 

and  in  the  Bristeau  approach  where  one  considers 

f  r  2 

1  (grad  dxdy 


Because  of  tne  nonlinearity  of  the  problem  the  analogy  is  not 
per£ec£.  Tne  argument  do^s  not  apply  to  the  w  representation. 

r  2  f  2 

I  (div  w)  dxdy  and  (curl  w)  dxdy  are  not  invariant,  and  actually 

>  >  . 

give  an  miinite  contribution  in  the  vicinity  of  a  sharp  trailing 

edge.  This  disturbing  phenomenon  is  alleviated  by  the  discreti¬ 
zation  process.  If  one  should  encounter  difficulties,  one  might 
also  reduce  the  influence  of  such  a  region  by  the  use  of  a 
positive  weight  function  which  tends  to  zero  at  a  snarp  trailing 
eage . 
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Let  use  now  discuss  the  example  of  a  two-dimensional  flow 
in  a  wind  tunnel  with  fixed  walls  over  a  smooth  two-dimensional 
body  (Fig.  9).  We  prescribe  the  normal  component  of  the  mass 
flow  vector  at  the  entrance  cross  section  and  at  the  side  walls 
(where  it  is  zero).  At  the  exit  cross  section  we  prescribe 
either  the  tangential  component  of  the  velocity,  or  the  normal 
component  of  the  mass  flow  vector.  In  the  latter  case  one  must 
make  sure  that  the  total  flow  through  the  entrance  and  the  exit 
cross  section  are  the  same.  At  the  profile  one  has  the  condition 
that  the  normal  component  of  the  mass  flow  vector  be  zero. 

Cne  can  formulate  this  problem  in  a  variety  of  ways. 

1.  In  terms  of  a  velocity  potential  with  the  governing 
equa  tion 

div(m(grad  $ )  =  0 

2.  In  terms  of  the  stream  function  41 .  Here  one  must 
consider  the  velocity  vector  as  a  function  of  grad  41,  w=w(grad  4<)  . 
Then  one  has  the  governing  equation 

-¥ 

curl  w(grad  * )  =  0 

(This  representation  is  rarely  used  because  wfgrad  4j  )  is  hard  to 
evaluate  and  double- va  lued :  for  a  given  grad  4<  one  obtains  one 

supersonic  and  one  subsonic  velocity.) 

3.  Simultaneous  representation  in  terms  of  $  and  4*  with  the 
governing  equations 

(m(grad  4))^  -  (grad  4O2  =  0 

(m(grad  4))^  +  (grad  4>)^  =  0 

There  exist  a  pair  of  analogous  equations  in  a  formulation  in 
which  one  considers  w  as  a  function  of  grad  4.  This  possibility 
will  not  be  discussed  here.  In  the  last  formulation  one  has  a 
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vorticity  free  field  defined  by  grad  4  and  a  divergence  free 
field  defined  by  Both  grad  $  and  grad  ^  define  a  mass  flow 

vector  m.  The  above  equation  postulates  that  the  vectors  m  so 
defined  be  identical. 

4.  One  has  a  representation  solely  in  terms  of  w  with  the 
governing  equations 

div  m(w)  =  0 
curl  w  =  0 

For  such  simple  flow  one  can  find  the  conditions  that  are  to  be 
imposed  by  inspection,  using  as  a  guide  the  analogy  to  the 
incompressible  flow. 

In  a  formulation  in  terms  of  ♦  ,  we  prescribe  as  boundary 
condition  at  the  exit  cross  section  the  normal  component  of  the 
mass  flow.  Then  one  can  find  along  the  entire  contour  by  an 
integration.  Because  of  the  postulate  that  the  mass  flow  through 
the  entrance  and  the  exit  cross  section  be  the  same,  <i>  will  be 
single  valued.  A  constant  of  integration  can  be  chosen 
arbitrarily,  for  instance  equal  to  zero  at  some  suitable  point  of 
the  contour.  At  the  profile  Y  is  constant,  but  at  this  stage 
this  constant  remains  undetermined.  To  see  this,  assume  that  the 
normal  component  of  the  mass  flow  through  the  entrance  and  the 
exit  cross  section  is  everywhere  zero.  Then  one  has  V  =  0  along 
the  entire  outer  contour.  Nevertheless,  one  can  have  a  flow 
around  the  profile.  It  is  similar  to  a  potential  vortex,  but  the 
vortex  strength  is  left  open.  The  difference  in  \|>  between  the 
profile  and  the  wall  gives  the  mass  flow  in  a  cross  section 
extending  from  the  profile  to  the  wall.  In  a  general  flow 
pattern  such  a  flow  is  superimposed  to  the  flow  through  the 
tunnel.  The  constant  assigned  to  i|>  at  the  profile  is  related 
to  the  circulation  around  the  profile  (although  in  this 
formulation  the  concept  of  circulation  does  not  appear).  If 
there  is  a  flow  through  the  tunnel,  one  can  satisfy  a  substitute 
Kutta  condition  (viz.,  that  the  value  of  the  velocity  at  some 


given  point  of  the  smooth  contour  be  zero)  by  the  choice  of  the 
value  of  at  the  profile. 

In  the  formulation  in  terms  of  $  we  assume  that  along  the 

exit  cross  section  the  tangential  component  of  the  veloctiy  is 

given.  One  can  then  determine  the  values  of  $  in  the  exit  cross 

section  by  an  integration.  In  the  present  discussion  the 

specific  boundary  conditions  in  the  exit  cross  section  are 

unimportant;  in  practice  the  choice  of  the  potential  insures  that 

there  is  no  discrepancy  between  the  mass  flow  in  the  entrance  and 

in  the  exit  cross  section.  To  satisfy  a  substitute  Kutta 

condition  one  must  admit  a  circulation.  The  velocity  w  =  grad  $ 

♦ 

is,  of  course,  single  valued,  but  grad  ♦*ds  formed  along  a  curve 
surrounding  the  profile  need  not  be  single  valued.  Admissible 
functions  $  must,  therefore,  be  represented  by  an  arbitrary 
single-valued  function  of  x  and  y  and  added  to  it  some  standard 
function  of  x  and  y  multiplied  by  an  undetermined  constant  which 
increases  by  a  constant  as  one  makes  any  complete  circuit  around 
the  profile.  This  standard  function  need  not  satisfy  the  flow 
equations  (because  of  the  nonlinearity  of  the  problem  this  is 
impossible  in  any  case).  This  second  contribution  is  determined 
by  the  circulation,  which  in  this  case  is  chosen  in  such  a  manner 
that  the  substitute  Kutta  condition  is  satisfied. 

In  the  $ ,  4>  formulation  one  has  as  conditions  at  the  outer 
contour  either  the  values  of  $  or  of  ij/.  If  one  does  not  impose  a 
substitute  Kutta  condition  but  a  circulation,  then  one  must  allow 
the  value  of  at  profile  to  vary.  If  one  assigns  the  value  of  << 
at  the  profile  (while  at  some  point  of  the  outer  contour  <|i  is 
fixed)  then  one  must  allow  for  some  circulation. 

If  a  substitute  Kutta  condition  is  imposed  then  one  must 
admit  variations  of  the  circulation  and  of  the  value  of  $  at  the 
profile.  If  one  fails  to  do  so  and  yet  imposes  a  substitute 
Kucta  condition  then  one  will  obtain  an  erroneous  result;  in 
spite  of  the  fact  that  the  solution  process  converges. 

In  the  w  representation  neither  the  mass  flow  nor  the 
circulation  are  directly  expressed.  As  a  matter  of  fact,  for  a 


general  element  of  the  function  space  (i.e.,  for  a  general  w 
neither  the  mass  flow  tnrough  a  cross  section  extending  from  the 
profile  to  the  wall  nor  the  values  of  the  circulation  determined 
for  different  paths  will  be  constant).  Constancy  of  these 
quantities  will  be  achieved  only  after  the  governing  equations 
are  satisfied. 

In  the  original  flow  field  the  Kutta  condition  is 
represented  by  the  postulate  that  the  particles  leave  the 
trailing  edge  in  the  direction  of  the  bisector  of  the  angle 
between  the  upper  and  lower  surface  of  the  profile.  (In  the 
three-dimensional  case,  it  is  permissible  that  the  velocity 
components  in  the  direction  tangential  to  the  trailing  edge  are 
different.  This  is  the  reason  for  the  occurrence  of  trailing 
vortices.)  In  a  finite  element  representation  of  the  flow  field 
the  Kutta  condition  is  expressed  by  a  linear  relation  between  the 
shape  parameters  of  some  of  the  elements  lying  in  the  vicinity  of 
the  trailing  edge. 

Some  further  insight  is  gained  from  the  three-dimensional 
problem.  There  one  has  a  wake  consisting  of  a  sheet  of  trailing 
vortices.  In  an  isoenergetic  and  isentropic  flow  one  can  still 
introduce  a  velocity  potential,  but  it  has  a  jump  as  one  passes 
through  the  vortex  sheet.  According  to  the  Helmholtz  vorticity 
theorem,  the  circulation  integral  jw’ds  formed  along  a  closed 
line  which  moves  with  the  particles  remains  unchanged  in  time. 

For  all  curves  in  a  flow  field  which  can  be  traced  bacK  in  time 
to  curves  which  are  free  of  circulation,  the  circulation  will 
remain  zero,  no  jump  of  the  potential  will  be  found.  The  only 
curves  which  cannot  be  traced  bacx  in  this  manner  are  those  which 
initially  began  and  ended  at  the  profile  or  in  three  dimensions 
at  tne  wing.  It  follows  that  the  wake  (where  the  potential 
jumpt,)  is  _ormed  exclusively  from  particles  which  initially  were 
found  at  the  surface  of  the  wing.  If  one  studies  the  flow  in  the 
vicinity  of  a  stagnation  point  formed  at  a  smooth  body,  one  finds 
that  it  requires  an  infinite  time  for  particles  at  the  surface  to 
reach  the  stagnation  point;  they  cannot  escape  from  the  surface. 
Therefore  no  wake  is  formed  (theoretically)  for  such  a  body.  A 
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sharp  trailing  edge  permits  particles  at  the  surface  to  escape 
and  to  form  a  wake.  (The  author  considers  this  view  preferable 
to  one  according  to  which  the  trailing  edge  genera tes  the  wake.) 

One  can  imagine  a  smooth  body,  with  a  slight  deformation  so 
that  a  sharp  trailing  edge  arises  along  some  preassigned  line. 

The  flow  field  as  a  whole  will  remain  ini t ia 1 ly . unchanged .  But  a 
wake  will  establish  itself,  and  one  obtains  the  substitute  Kutta 
condition  mentioned  before.  The  time  needed  for  a  particle  to 
escape  from  the  surface  will  increase  as  one  makes  this 
artificially  trailing  edge  smaller,  and  it  takes  longer  and 
longer  (theoretically)  to  establish  the  wake.  This  explains  that 
without  such  a  modification  one  will  not  obtain  a  wake;  for  an 
infinitesimally  small  modification  of  this  kind,  the  time  to 
establish  a  wake  would  be  infinite. 

Conceptually,  the  boundary  value  problem  for  a  flow  with  a 
wake  can  be  described  as  follows.  One  replaces  the  wake  by  an 
inner  boundary.  For  the  flow  field  with  the  wake  excluded  in 
this  manner  one  has  the  usual  boundary  value  problem  for  the 
velocity  potential.  For  this  field  one  has  as  boundary  condition 
along  the  two  banks  of  the  wake  that  the  velocity  component 
normal  to  it  be  zero.  The  criterion  whether  the  assumed  shape  of 
the  wake  is  correct  arises  from  the  requirement  that  there  is  no 
jump  of  the  pressure.  Properly  speaking  this  does  not  guarantee 
that  the  jump  of  the  potential  is  the  same  everywhere.  In  any 
case,  the  wake  is  assumed  from  the  very  beginning  to  start  at  the 
sharp  trailing  edge  or  along  the  line  which  is  defined  as  the 
incipient  trailing  edge  in  a  quasi  Kutta  condition  at  a  smooth 
body.  No  further  condition  is  required  along  such  a  line. 

The  two-dimensional  problem  can  be  discussed  in  the  same 
manner.  For  example,  one  might  assign  the  shape  of  the  wake  and 
then  cneck  whether  the  assumed  wake  satisfies  the  requirement  of 
pressure  equality.  But  in  two  dimensions  pressure  equality 
amounts  to  an  agreement  of  the  tangential  components  of  the 
velocity  on  both  sides  of  the  wake,  and  this  gives  a  constant 
jump  of  the  potential  all  along  the  wake.  Furthermore,  the  jump 
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SECTION  VII 

A  STMPLIFI ED  EULER  CODE 

It  is  quite  likely  that  the  idea  of  residual  minimization 
can  be  extended  to  include  Euler  codes,  one  has  to  take  into 
account  more  independent  variables  and  more  unknowns.  In  tne 
present  report  we  do  not  explore  this  possibility,  but  ask 
whether  a  simplified  version  is  sufficient  for  technical 
applications  and  what  modifications  of  the  methods  previously 
discussed  are  necessary  for  this  purpose. 

In  comparison  to  full  potential  codes  Euler  codes  have  two 

advantages:  (1)  tney  taxe  the  entropy  differences  which  arise  in 

a  shock  properly  into  account,  and  (2)  they  allow  wake  capturing 

(in  three-dimensional  problems  and  perhaps  in  two-dimensional 

problems  with  a  jet  flap) .  To  the  author  of  this  report  the 

first  property  seems  to  be  of  only  minor  importance.  In  most 

applications  only  weak  shocks  are  admissible  so  tnat  the  entropy 

differences  are  negligible.  Of  course  it  may  be  desirable  to 

verify  this  assertion,  and  for  this  purpose  one  would  need  a  code 

which  is  able  to  take  entropy  differences  into  account.  The 

possibility  of  wake  capturing,  however,  is  a  very  interesting 

extension  which  may  well  be  important.  In  the  following 

discussion  we  assume  that  the  entropy  is  constant  throughout  the 

flow  field.  Moreover,  in  all  aerodynamic  application  the  total 
2 

enthalpy  (i  +  w  /2)  is  the  same  for  all  the  streamlines.  Tnen 
one  can  express  the  tnermodynamic  state  in  terms  of  the  velocity 
vector.  The  velocity  components  are,  therefore,  tne  only 
dependent  variables. 

The  equations  underlying  the  Euler  code  are  of  course  well 
known.  They  are  recapitulated  here  in  order  to  show  the 
interconnection  of  different  formulations.  One  starts  with  the 
conservation  laws  of  mass,  momentum  and  energy,  and,  of  course, 
the  tnermodynamic  equation  of  state  for  the  gas.  To  avoid  tensor 
notation  some  of  the  equations  are  written  in  coordinates  with 
velocity  components  u,  v,  and  w. 
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div(pw)  =  0  (conservation  of  mass) 


♦  z 

div(pw(i  +  =  0  (conservation  of  energy) 


(  201  ) 


(  202) 


-j-(p  +  pu2)  +  (  p  uv )  +  |^(puw)  -  0 


( conservation 


A  3  2  3 

— -(puv)  +  — (p  +  pu  )  +  — —  (pvw)  =0  of  momentum) 

3  v  3  V  3  Z 


(  203) 


4-(puw)  +  4t7  (pvw>  +  +  ow  )  =  0 

d  X  dy  d  z 


p  =  p( P  ,s  ) 


(equation  of  state) 


(  204  ) 


Here  i  is  the  specific  enthalpy.  Let  s  be  the  specific  entropy, 
and  T  the  temperature.  One  has 


Tds  =  di  -  p  dp 


(  205) 


Using  the  relation 


div(ab)  *  a  div  b  +  grad  a  *  b 


One  obtains  from  Eq .  (202) 


(i  +  -^  )  a  iv  (  pw  )  +  pw 


*  grad  (  i  +  -r)  = 


Hence  with  Eq .  (201) 


w  *  g  rad  (  i  +  -*•  )  =  0 


(  206) 


The  expression  (  i  +  )  is  constant  along  the  streamlines.  If 
tne  constant  is  the  same  for  all  streamlines,  then  the  flow  is 
called  i soenerget ic  . 


'.•■'.V'A'v'V 
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*  -T  ’  --  -  ■  * — "*v»  v  ':■'  j* 


The  Euler  equations  (which  are  frequently  taken  as  an 
alternative  starting  point)  are  obtained  by  subtracting  Eq .  (201) 
multiplied  by  w  from  the  momentum  equations. 

This  gives  (after  division  by  p) 

p  ^(3p/3x)  +  u(3u/3x)  +  v(3u/3y)  +  w(3u/3z)  =  0 

p  ^(3p/3y)  +  u(3v/3x)  +  v(3v/3y)  +  w(3v/3z)  =  0  (207) 

p  ^(3p/3z)  +  u(3w/3x)  +  v(3w/3y)  +  w(3w/3z)  =  0 

These  equations  can  be  interpreted  as  expressions  of 
Newton’ s  law. 

Multiplying  the  Euler  equations  respectively  by  u,  v,  and  w  one 
obt  a  ins 


w *  ( ~  grad  p  +  grad  ^  )  =  0 

Subtracting  Eq  .  (206)  and  using  Eq.  (  205)  one  obtains 

T  w  '  grad  s  =  0 

The  entropy  is  therefore  constant  along  streamlines  (except  for 
shocks).  If  the  constant  is  the  same  for  all  streamlines,  then 
the  flow  is  called  isentropic. 

Consider  now  an  isoenergetic ,  isentropic  flow.  Subtracting 
from  the  respective  Euler  equations 

-2 

g rad (  i  +  ^  )  =  0  (208) 

r. nc  taking  into  account  that  ds  =  0,  and  therefore 

di  *  p  *dp 
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one  finds 


3  u 

3  v  > 

3  x 

4. 

w(—  - 
V  3  z 

3  x 

3y  " 

3  v 

3u . 

ay 

,  3  v 

w  ( —  — 

V  3z 

— ) 
3  y ; 

3  X 

3w 

3U , 

3y 

<  3w 

V(T7  - 

3  v  v 
3z; 

3x 

=  0 


=  0 


=  0 


(209) 


Now 


.  -»  -»  ,  3w  3Vv  ,  ♦  <  3  U  3wx  ■»  ,  3v  3  U , 

curl  w  =  e  (— —  -  — )  +  e  (-r—  -  — )  +  e  (—  -  — ) 

x  3y  3  z  y  3  z  3x  z  3  x  3y 


The  last  equations  can  then  be  written 

w  x  curl  w  =  0 


(210) 


In  an  isentropic,  isoenergetic  flow  the  velocity  vector  has  the 
direction  of  the  streamlines.  In  other  words,  stream  tubes  and 
vortex  tubes  coincide.  Since  for  any  w 


div  curl  w  =  0 


it  follows  that  if  the  vorticity  vector  is  zero  somewhere  along  a 
streamline  it  is  zero  along  the  entire  streamline.  This  holds  in 
most  aerodynamic  applications.  In  a  flow  without  vorticity  one 
can  introduce  a  velocity  potential 

w  =  grad  $ 

Then,  because  the  flow  is  isoenergetic 

i  +  (l/2)(grad  $)^  =  const  (211) 

Ec.  (210)  or  its  representation  in  components  Eqs.  (209)  and  also 
Eg.  (208)  and  from  there  going  back  the  Euler  equations  (Eqs. 
(207))  are  then  satisfied.  One  has  the  important  result:  if  one 
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introduces  a  potential  and  expresses  the  pressure  by  means  of  Eq. 
(211)  (usually  called  Bernoulli's  equation),  then  Euler's 
equations  of  motion  are  satisfied.  In  this  chain  of  equations 
the  equation  of  conservation  of  mass  is  not  involved.  The 
density  can  be  expressed  in  terms  of  the  potential  by  means  of 
the  Bernoulli  equation.  Expressing  all  data  in  the  equation  for 
conservation  of  mass  in  terms  of  the  velocity  potential  one 
obtains  the  familiar  potential  equation. 

The  author  finds  the  observation  that  the  Euler  equations 
are  automatically  satisfied  by  the  introduction  of  the  potential, 
and  that  the  potential  is  ultimately  determined  from  the  equation 
of  conservation  of  mass  attractive  because  of  its  simplicity.  Of 
course  conservation  of  momentum  can  be  obtained  by  combining  the 
Euler  eouations  with  the  equations  for  conservation  of  mass,  and 
in  this  sense  the  potential  equation  serves  to  satisfy  the 
momentum  equations.  But  this  interpretation  (occasionally  put 
forth  by  Jameson)  is  rather  indirect. 

The  only  place  in  a  flow  where  vorticity  can  arise  is  the 
wake;  all  other  streamlines  start  at  infinity  with  zero  vorticity 
and,  therefore,  retain  the  zero  vorticity.  But  the  streamlines 
of  the  wake  start  at  the  trailing  edge  and  therefore  nothing  can 
be  said  about  their  vorticity. 

The  local  character  of  the  wake  flow  can  be  visualized  as 
follows:  Consider  a  plate  in  the  plane  y  =  0  which  extends  from 

upstream  infinity  to  the  z-axis.  Assume  that  one  has  on  the 
upper  side  a  velocity  vector  e^c^  +  ezc2  anc^  on  t^ie  lower  side 
-*  *  2  2  2  2 

e  c,  +  e  c.  and  that  c.  +  c»  =  c,  +  c.  .  Between  these  two 

x3z4  1  2  3  4 

flows  there  is  no  pressure  difference.  Starting  at  the  z-axis 
one  has  a  vortex  sheet  caused  by  the  difference  in  the  z 
velocity.  The  vorticity  vector  has  the  character  of  a  delta 
function.  In  a  two-dimensional  flow  this  phenomenon  does  not 
occur,  because  the  z  components  are  zero. 

If  one  describes  the  flow  field  by  means  of  a  potential, 
then  one  must  obviously  exclude  the  wake.  Such  a  description  is 
possible  if  one  identifies  the  vortex  sheet  and  considers  it  as  a 
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cut  in  the  flow  field.  One  then  imposes  the  condition  that  the 
velocity  components  normal  to  the  vortex  sheet  be  zero  and  that 
the  absolute  value  of  the  velocity  vector  on  the  upper  and  lower 
side  be  the  same.  The  shape  of  the  vortex  sheet  and  the 
requirement  that  the  velocity  components  normal  to  it  be  zero 
together  with  the  other  boundary  conditions  of  the  flow  field 
determine  the  potential  flow  completely.  If  the  shape  of  assumed 
vortex  sheet  is  incorrect/  then  there  will  be  a  pressure  dif¬ 
ference  between  the  two  sides  of  the  sheet.  In  a  method  of 
residual  minimization  using  the  potential  one  must  include  terms 
for  the  failure  to  satisfy  this  condition.  The  element  will 
contain  beside  the  function  $  also  a  function  describing  the 
shape  of  the  vortex  sheet. 

In  a  two-dimensional  flow  there  is  no  discontinuity  of  w 
ar.:l  the  identification  of  the  wake  during  the  computation  is  not 
necessary.  If  one  works  with  w  (and  curl  w  =  0),  then  no  extra 
provisions  are  needed.  If  one  works  with  the  potential,  then  one 
must  introduce  a  line  along  which  the  potential  is  allowed  to 
jump  by  an  unknown  constant.  This  line  need  not  be  identified 
with  the  wuAe.  The  jump  of  the  potential  must  not  be  interpreted 
as  an  infinite  gradient.  The  gradient  of  ♦  is  continuous  as  one 
passes  through  this  line  of  discontinuity. 

Let  us  now  ask  how  one  can  formulate  the  equations  for  an 
isentropic,  isoenergetic  flow  so  that  one  obtains  a  wake 
capturing  method.  The  pressure  is  determined  everywhere,  by  the 
velocity  vector,  even  in  the  wake  if  one  assigns  to  it  a  non¬ 
vanishing  thickness.  In  the  discretized  form  of  the  problem  a 
jump  of  the  velocity  between  the  upper  and  lower  side  of  the  wake 
is  distributed  over  at  least  one  mesh.  The  original  wake  appears 
as  a  layer  of  finite  thickness.  In  this  layer  one  has  vorticity, 
but  because  of  the  assumptions  of  isentropic,  isoenergetic  flow 
if  is  subject  to  Eq.  (210) 


w  *  curl  w 


0. 


To  make  wake  capturing  possible  in  the  w  formulation,  it  suffices 
if  one  replaces  the  original  condition 

curl  w  =  0 

by  the  last  equation.  Of  course,  this  term  is  used  also  in  the 
definition  of  J.  Only  in  the  region  where  one  expects  to  find 
the  wake  is  this  modification  needed. 
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SECTION  VIII 

FAR  FIELD  CONDITIONS,  BASIC  FORMULAE 

Far  field  conditions  are  of  interest  because  they  allow  one 
to  reduce  the  size  of  the  computed  part  of  the  flow  patterns. 

They  can  be  included  in  the  approach  by  residual  minimization 
without  difficulty.  Of  course,  in  steady  problems  they  are  only 
ot  minor  importance  because  the  effect  of  errors  introduced  at 
the  tar  noundaries  are  fairly  small  in  the  vicinity  of  a  wing. 

In  preliminary  tests  of  the  method  they  may  therefore  be 
c  1  sr  eg  arced  . 

Let  us  first  recapitulate  the  general  concepts.  Far  field 
conditions  serve  to  match  the  computed  part  of  the  flow  field  at 
its  outer  boundary  with  the  "distant"  (not  computed)  flow  field. 
In  the  cistant  field  the  flow  equations  must  be  satisfied  and  the 
solutions  that  are  used  must  die  out  as  one  travels  to  infinity. 
In  order  to  express  this  behavior,  it  is  necessary  that  in  the 
distant  flow  field  the  flow  differential  equations  can  be  solved 
analytically.  In  the  distant  field  the  flow  is  close  to  a 
parallel  flow  with  the  assigned  free  stream  Mach  number.  There- 
r  re,  the  linearized  flow  equations  for  compressible  flow  are 
a, pi  ic at  le.  After  having  carried  out  the  Prandtl-Glauert 
■'.ii  ruinate  transformation  one  deals  with  the  Laplace  equation. 
Irene  fundamental  solutions  which  have  the  desired  behavior  at 
infinity  are  readily  available.  We  first  deal  with  the  simpler, 

:  ..t  less  important  problem  of  flows  without  circulation  or 
trailing  vortices.  This  provides  an  easier  access  to  the  general 

i  t*  3  S  . 

For  tne  determination  of  the  gradient  function  g  the  method 
:es.d-ai  minimization  requires  within  the  computed  part  of  the 
-■  '  i..-.d  t  :.e  repeated  solution  ot  Poisson  equations  if  one 
-  everywhere  the  Pr anat  1  -G 1  aue r t  transformation.  In  one 

d  ot  solving  tnese  Poisson  equations,  one  first  determines  a 
iii.cular  solution  by  means  of  integrals  which  use  fundamental 
i- ’ns  (usually  fundamental  solution  representing  sources). 

.  oar.riary  conditions  at  the  profile  are  satisfied  in  a  next 


step  by  solving  an  integral  equation  (in  which  the  region  of 
integration  is  given  by  the  surface  of  the  wing).  In  the 
inhomogeneous  part  as  well  as  in  the  formulation  of  the  integral 
equation  one  uses  a  fundamental  solution  which  satisfy  the  far 
field  conditions.  In  such  a  procedure  far  field  conditions  are, 
therefore,  automatically  satisfied.  This  observation  has  been 
made  by  Johnson  and  his  co-workers.  (One  notices  that  the 
gradient  function  for  the  potential  so  obtained  is  one  valued; 
changes  of  the  circulation  must  be  taken  into  account  sepa¬ 
rately).  If  one  employs  methods  which  solve  the  Poisson 
equations  by  means  of  finite  difference  or  finite  element 
approaches,  one  always  needs  some  conditions  at  the  outer  edge  of 
the  computed  flow  field.  Otherwise  the  flow  field  remains 
undetermined  . 

The  necessary  number  of  such  conditions  can  be  seen  if  one 
considers  a  classical  boundary  value  problem  (in  which  boundary 
conditions  different  from  proper  far  field  conditions  are 
imposed).  One  can  for  instance  prescribe  the  potential  at  the 
outer  boundary  of  the  computed  flow  field.  In  the  discretized 
formulation  this  determines  certain  shape  parameters  in  the 
elements  adjacent  to  the  outer  edge  of  the  computed  flow  field. 
This  shows  in  a  specific  case  how  many  conditions  are  necessary 
at  the  outer  boundary  of  the  computed  flow  field.  Correct  far 
field  conditions  have  a  global  character,  i.e.,  they  involve  all 
points  of  the  far  boundary.  (Such  conditions  are  derived  in 
Re  te  rence  3 ) . 

In  steady  flows  these  conditions  can  be  relaxed.  After  one 
has  made  the  Prandtl-Glauert  transformation,  the  potential  in  the 
distant  field  is  given  (aside  from  the  contribution  of  the  circu¬ 
lation)  by  expressions  Re  z  n  and  Im  z  n ;  n  =  1,2,...  with 
z  =  x  +  iy.  Terms  which  carry  perturbations  back  from  the  outer 
jouncu.y  to  the  profile  have  the  same  form  with  positive 
exponents  starting  with  n  =  2.  It  follows  that  only  terms  with 
small  values  of  n  will  be  of  importance  in  the  vicinity  of  the 
profile.  Accordingly  it  suffices  if  one  represents  the  distant 
field  (with  which  the  computed  part  of  the  flow  field  is  matched) 


aside  from  the  underlying  parallel  flow  and  the  term  for  the 
circulation,  by  just  the  first  few  terms  of  tne  above  develop¬ 
ment.  Along  a  ray  through  the  origin  the  potential  then  behaves 

—  1  —  2  — K  -2  —3  _  v 

as  r  ,r  ,...r  in  two  dimensions  and  r  ,r  ,  .  .  .r  in  three 

dimensions.  Solutions  log  r  in  the  two-dimensional  case  and  r-*" 

are  not  included.  They  represent  sources  and  their  coefficient 

is  zero  if  one  deals  with  the  flow  over  a  closed  body.  The 

dependence  upon  the  radius  is  tne  same  whether  or  not  one  carries 

out  the  Prandtl-Glauert  transformation. 

If  the  potential  has  this  form,  then  it  satisfies 
conditions  first  proposed  in  a  more  complicated  context  by  Turtcel 
and  his  co-workers  (Reference  4).  In  two-dimensional  flows  one 
postulates 


.  2k- 1  3  ,3a  .  ,  1  3  \  rt 

(  c  a  r)  .(r  +  77)  (7  +  77)*  -  0 


(212) 


To  examine  the  effect  of  this  operator  on  0  we  observe  that 


<7  +  h)r~l  =  ("-Dr'4'1 


Therefore 


/ 2K-i  x3w  w  x  ,33  w 1  a  .  -n 
(  r  +  3 r) (7  +  77) (7  +  —)r 


=  ( 1-n) ( 2-n) . . . (k-n)r 


-n-k 


The  condition  Eq .  (212)  is,  therefore,  satisfied  for  n  =  l,...,k. 
bolutions  of  the  Laplace  equation  in  two  dimensions  which  have 
the  same  dependence  upon  the  polar  angle  are  given  by 

.  -n  +n,  , . 

(c^r  +  c2r  )exp( me ) 

Applying  the  condition  Eq.  (212)  to  this  expression  at  some 
ramus  r  =  Rq  one  obtains 
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exp(in  9 ) [ c ^ ( 1-n ) ( 2-n ) . . . ( k-n ) RQn  *  + 
c2(l+n)(2+n)...(k+n)R0n“k]  =  0 

Hence 

_  ( 1-n )  (  2-n )  .  .  .  (k-n)  -2n 

2  '  l(l+n)  (2+n)  .  .  .  (k+n)  0 

One  recognizes  again  that  for  1  <_  n  <_  k  the  boundary  conditions 
are  "nonref lective . "  (Notice  that  the  condition  Eq.  (212) 
contains  derivatives  with  respect  to  r  not  with  respect  to  the 
normal  to  the  boundary.)  For  n  >  k  the  coefficient  (which  is 
responsible  for  a  faulty  reflection)  contains  a  factor  Rg-^n. 

For  sufficiently  large  RQ  and  n  this  error  becomes  unimportant. 

For  three-dimensional  problems  the  operator  corresponding 
to  Eq.  (212)  is  given  by 

(2^2  +  +  |_)(|  +  A-)*  =  o  (213) 

These  boundary  conditions  have  an  unconventional  form;  the 
derivatives  which  are  encountered  are  of  higher  order  than  those 
occurring  in  the  differential  equation.  One  can  use  the  partial 
differential  equation  and  its  derivatives  (with  respect  to  x,  y, 
or  z)  to  express  derivatives  with  respect  to  r  in  terms  of 
derivatives  formed  within  the  far  surface  of  the  computed  region 
of  $  and  of  its  normal  derivative.  The  far  field  conditions  can 
thus  be  expressed  by  the  shape  parameters  belonging  to  the 
elements  adjacent  to  the  far  boundary.  The  derivatives  within 
the  far  boundary  are  of  rather  high  order.  This  can  be  explained 
oy  the  observation  that  one  deals  with  an  approximation  to  far 
field  conditions  which  have  global  character  and,  therefore, 
involve  all  points  of  the  Doundary. 

The  conditions  Eq.  (212)  is  applied  at  the  points  of  the 
outer  boundary  of  the  computed  field.  So  far  we  have  considered 
only  the  formulation  in  terms  of  $ .  For  the  formulation  in  terms 
of  $  and  &  the  conditions  remain  the  same,  because  tne 
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differential  equation  in  terms  of  <p  and  A  is  easily  transformed 

into  one  for  $  alone;  there  are  no  extra  conditions  for  A.  A 

similar  situation  can  be  expected  in  the  w  formulation. 

Conditions  are  imposed  only  to  one  of  the  components  of  w.  The 

powers  of  r  which  occur  in  the  w  formulation  are  r  for 

-3  -4 

the  two-dimensional  case,  and  r  ,r  for  the  three- 

dimensional  case.  The  conditions  therefore  assume  a  slightly 
different  form.  Details  are  omitted. 

A  formulation  completely  in  keeping  with  the  concept  of 
residual  minimization  is  obtained  by  considering  the  distant 
field  in  its  entirety  as  a  single  element.  The  particular 
solutions  which  one  wants  to  include  in  the  representation  of  the 
distant  field  are  the  shape  functions  and  their  coefficients  the 
shape  parameters. 

We  illustrate  this  procedure  for  the  Laplace  equation  in 
two  dimensions  using  the  $ , *  representation.  This  is  preferable 
to  the  representation  solely  in  terms  of  because  then  the 
auxiliary  function  £  complicates  the  development. 

The  region  considered  is  a  circular  ring,  the  inner  and  the 
outer  boundaries  are  given  by  r  =  1,  and  r  =  RQ,  respectively; 

Ku  >>  1.  In  polar  coordinate  one  has  as  basic  equations 


r  a  -  ii  =  U 
yr  v  e 


—  $ .  +  Ui  —  0 

r  y  0  yr 


(214) 


It  is  assumed  that  these  are  the  governing  equations  also  for  the 
computed  part  of  the  flow  field  (the  region  1  _<  r  _<  RQ )  .  The 
familiar  form  of  the  two-dimensional  potential  equation  is 
immediately  obtained  from  Eq .  (214)  by  cross-differentiation  and 
addition. 


3 

3r 


<r*r) 


0 


(215) 


L  0  6 


Particular  solutions  which  have  the  correct  form  in  the 
distant  field  are  given  by 


l)  =  r"n  exp(in9)(  \ 


For  simplicity  we  restrict  ourselves  to  solutions  which  are 
symmetric  in  $  with  respect  to  the  x-axis.  Then  one  has  in  the 
distant  field 


I 

m=i 


-m  /  cos  (men 

l -sin  (me)/,  r  >  R 


(216) 


The  constants  c  are  suDject  to  variation.  In  the  inner  field 
m  J 

(1  <  r  <  rq)  we  set 


*\  .  /  £mlr)oos(m9) 

*/  '  m^l\-«m(r)sin(,ne) 


(217) 


Here  the  unknown  functions  f  (r)  and  g  (r)  are  determined  by 

m  *m  ■* 

residual  minimization.  At  the  inner  boundary  the  function  \t»  is 
prescribed , 


g  I  =  b 
m  r=l  m 


(218) 


is  therefore  known.  At  the  boundary  r  =  Rq,  the  functions  o  and 
•if,  taken  from  the  regions  r  _<  R^  and  r  >  RQ  must  match. 

Therefore 


fra(R0 }  =  cmR0  '  ra_1' ‘ ’ ,k 


W  "  cmR0m 


(219) 


W  “  ° 


m  >  k 


(  220) 


W  =  0 
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There  is  no  residual  in  the  distant  region.  The  expression  to  be 
minimized  is  given  by 


2  n 

r 

j 

0=0 


l  (  ♦. 


r-1 


*9/r)]2  +  (UQ/r)  +  4>r ) 2]  tdrd  9 


t  Rn 

2  TT  0  n  9 

■  f  f  {[  1  (  f '  +  ( mg  /r )  )cos  (m  0)  ]  +[  1  (-(mf  /r )-g' )sin(m0) ]  }rdrd9 
1  1  ,  m  m  _ -i  rn  rn 


Here  the  integrations  with  respect  to  0  can  be  carried  out  and 
one  obtains 


R, 


r=l 


‘  ,<£m  +  (mVc,)2  *  +  ^)2rar 

m=l 


Varying  f^  one  obtains 


R, 


2  w 


(f 


r=l 


n 


ngn/r) 5£n 


( ( nf n/r ) 


+  g^)  (n«fn/r)  }rdr 


The  effect  of  a  variation  of  4gn  is  obtained  by  interchanging  fn 
and  gn.  The  usual  integrations  by  parts  yield 


r=R, 


r  (f  n  +  nVr) 


=  0 


r=l 


(221) 


r=R, 


+ 


nfn/r) 


0 


0 


-  d?(rfn  *  n -n 1  +  n<nfn/r)  +  *n>  = 

'  I?(r9n  +  nfn>  *  n(nVr)  +  fn>  *  0 
These  equations  are,  of  course/  satisfied  by 


(  222) 


(223) 


They  are  solutions  of  the  original  system  Eq.  (214)  (see  also 
Eq.  (216)).  For  these  expressions  the  terms  in  the  parenthesis 
of  Eq.  (222)  vanish  separately.  This,  however,  does  not  exhaust 
the  list  of  possible  particular  solutions.  Altogether  the 
following  set,  which  includes  the  particular  solutions  Eq.  (223), 
is  obtained 


(224) 


Let  n  >  k.  Satisfying  the  conditions  Eqs.  (220)  at  r=RQ  one 
obtains 


-n 


0 


(r/R0)nj  + 


0 


-n 


(r/R0 


(225) 


where  so  far  c^  and  c^  are  arbitrary.  Imposing  the  condition  for 
r=l,  Eg.  (218),  one  obtains 


There  is  no  condition  for  f  at  r=l.  Accordingly  df^  t  0/  and 
therefore#  from  the  first  of  Eqs.  (221) 

r  f '  +  ng  |  =0 

n  n  r=l 

Substitution  of  Eg.  (225)  gives 

c1(-nR0n  -  nR~n )  +  c2  n(RQn  -  R~n)  =  0 
Hence  with  Eg.  (226) 


c ,  =  b 
1  n 


Ron(l«o2n) 


Therefore 


r'n(l-(r/RQ)2n 

0 


r 


-n 


0 

(l-(r/R0) 


(227) 


For  Rq  and  n  large  and  r  <<  RQ  /  one  obtains  the  expression  which 
would  satisfy  the  exact  conditions  in  the  distant  field/  namely 


One  can  split  off  from  the  expression  Eg.  (227)  terms  of  the  form 
Eq.  (223)/  which  satisfy  the  original  differential  equation 
(Eg.  (214))/  but  certain  other  terms  which  satisfy  only  Eq.  (222) 
are  left.  The  fact  that  the  representation  of  the  distant  field 
is  not  completely  general  (because  k  is  assumed  to  be  finite) 
shows  itself  by  the  failure  to  satisfy  the  original  differential 
equation  'exactly. 

For  1  _<  n  <  k  it  follows  from  Eq.  (219)  that 


f  (Rn)  =  g„(Rrt) 


(226) 


and  furthermore  that 


s£n‘V  '  <cn  R0 


-n 


(229) 


,-n 


4W  =  acn  R0 
With  the  last  equation  one  ODtains  from  Eq.  (221) 


-n 


6 c  [ rf '  +  ng  +  rg'  +  nf  ]kA  =  0 
n  n  ’n  3n  n  0 


(  230) 


Since  variations  of  cn  are  permissible,  the  expression  in 


brackets  must  vanish.  Using  the  particular  solutions  Eqs.  (224) 
we  set 


(g0)  =  Cl(r0  )  +  C2(  -n)  +  c 3(0 
3  n  r  ' 

Substituting  this  expression  into  Eq.  (230)  one  obtains 


+  c 


4\  rn 


2nc0  +  2nc.  =  0 
3  4 


Accordingly 


-n 


n 


\  ,  /0\ 

/  rnN 

+  c,(  ) 

)  2 \  -n/ 

3\_r.n  / 

The  condition  (Eq.  (228))  gives 


C1R0  +  C3R0  C2R0  ”  C3R0 


Hence 


c  =  C2  "  C1  R-2n 
3  2  R0 


(231) 


At  r=l  one  can  vary  f  freely  while  g  is  fixed  by  the 

■*  n  ■*  3  n 


boundary  condition.  Therefore,  from  Eq.  (221) 


0 


Hence 


rf  +  ng 
n 


r=l 


-nc^  +  nc^  +  nc^  -  nc^  =  0 


Hence,  c^  =  c2,  and,  with  Eq.  (231),  c^  =  0.  Thus,  one  obtains 
finally  (with  Eq.  218)) 


f 

n 


As  expected,  this  is  the  exact  solution  for  this  particular  value 
of  n  <  k . 

Next  we  derive  the  particular  solutions  necessary  to 
represent  the  distant  field.  They  contain  one  term  representing 
the  desired  parallel  flow  and  in  addition  the  solutions  of  the 
linearized  flow  equation,  which  represent  the  deviations  which 
one  wants  to  admit  in  the  distant  field.  In  the  x,y  system  the 
potential  for  the  perturbation  terms  is  given  by 


and 


$  =  Re ( x  +  iy) 


-2n 


,  n-1 , 2  ,  .  .  . 


5  =  Im(x  +  iy) 


-2n 


(  232) 


Hence  with 


2 

r 


2  2  2 
x  +  s  y 
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in  the  x,y  system 


♦  =  Re(x  +  isy)  n  *  r  2nRe(x  -  i b y ) n 
or 

$  =  Im(x  +  iey)-n  *  r_2nIm(x  -  iBy)n 
We  include  tne  term  representing  a  circulation 

4>r  =  arctg  ( y/x  ) 

*r  =  arc  tg ( By/x) 

Since 


w  =  grad  $ 

one  obtains  the  following  expressions 

w  =  -e  nRe(x  +  iBy)  n  1  +  e  nBlm(x  +  iBy)_n_ 
x  y 

or 

w  =  nr  2 ^ n+1 \[-exRe ( x  -  isy)^n+i^  +  eyBIm(x  -  iey) 
and  similarly 

w  =  nr  2 ^ [-e  lm( x  -  iBy)^n+^  -  e  8Re(x  -  isy) 

x  y 

Specifically,  for  n=l 

w  =  r_4[-ex(x2  -  B2y2 )  -  s2ey2xy] 

and 

w  =  r-4(ex2Bxy  -  b(x2  -  fi2y2) 

The  circulation  term  gives 

♦  —  2 ,  ■*  ■» 

wr  =  sr  ( _exy  +  eyx) 


(  233) 


(  234) 


1 

(n+l)j 

(235) 
(n+1 )  j 

(236) 

(  237) 
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For  each  value  of  n  there  are  two  particular  solutions.  Unless 
one  of  them  can  be  excluded  by  reasons  of  symmetry  pertainina  to 
the  chosen  values  of  n/  both  should  be  included  in  the  represen¬ 
tation  of  the  flow  at  infinity.  Stopping  at  n=l  and  denoting  the 
two  pertinent  particular  solutions  by  4/^  and  $  ^  ^  and  the  one 
for  the  circulation  by  ifr1",  and  using  the  same  superscripts  for  w, 
one  then  has 


=  ®xM=ox  +  cr*r  +  C1*(1)  +  c2*(2) 


-  -  ♦(  r )  -(1)  -(2) 

w  =  e  M  +  c  _  w '  '  +  C, w'  '  +  C-Wk  ' 

x  «  r  l  2 


(238  ) 


The  4>  , A  representation  simplifies  in  the  two-dimensional  case  to 
a  $  ,  i|i  represen  ta  t  ion .  The  expressions  \|>  pertaining  to  Eq.  (232) 


i  =  Im(x  +  iy)  n 


$  =  -Re ( x  +  iy)  n 


(239  ) 


The  vector  B'  in  the  discussion  following  Eq.  (141)  is  given  by 


B '  =  e  *  <l< . 


For  the  vector  A'  one  has 


A'  =  e  ii  (  x  ,  y ) 


A'  and  B'  are  connected  by  the  equation  preceding  Eq.  (142),  viz 


PQDB'  =  A ' 


(240) 


Therefore,  t  (  x ,  y )  is  not  obtained  by  treating  *  a s  a  scalar  and 
simply  rewritinc  it  in  the  changed  coordinate  system.  Using  the 
definition  of  D,  Ea .  (103)  (with  S  defined  in  Eq.  (101)),  and  the 

transformation  formulae  Fqs.  (102)  one  obtains 
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A  (  x  ,  y  )  =  Pne  I m ( x  +  i B  y ) 


A(x,y)  =  -Pq6  Re(x  +  iBy) 


(241) 


The  Eqs.  (233)  and  (241)  combined  satsify  indeed  the  basic 


eouations 


e0»  •„  -  *y 


i  =  -A 
y  x 


The  particular  solutions  for  the  potential  needed  in  the 
three-dimensional  case  are  obtained  as  derivatives  of  all  orders 


-  ~  ~  ~  ~2  ~2  ~2  -1 
with  respect  to  x ,  y  /  or  z  o  f  A  =  ( x  +  y  +  z  ) 


Some  of  the 


higher  derivatives  are  linearly  dependent,  because  of  the 
potential  equation 

A - +  A  ~  +  A  ~  ~  —  0 

xx  yy  zz 

The  construction  of  these  particular  solutions  by  means  of 
differentiation  is  simpler  in  the  present  case  than  the  formulae 
in  terms  of  spherical  harmonics,  because  only  the  first  few  of 
these  particular  solutions  are  needed.  One  obtains,  for 
instance,  by  forming  first  derivatives 


(1)  - 3  ~  (  2  )  -  ~-3  ~  (  3  )  ~  —  3 

A  =  -  x  r  ,  A  =  y  r  ,  A  =zr 


(242) 


We  set  grad  A  ^  ^  =  u^*  .  One  obtains 


-(1)  ~-5r-  ~2  ~2 ,  J  -  _~~ 

u  =  r  [e  (2x  -y  -z  )  +  e  3xy 
x  y 


+  e  3xz ) ] 
z 


~  (  2  )  - — 5 r  ~ 

u  =  r  [ex3xy 


-  (  3  )  ~-5  r - 

u  =  r  [e  3xz 
x 


+  e  (2y2-x2-z2)  +  e  3yz)] 

y  z 


(243) 


+  e  3yz 

y 


+  ez ( 2z2-x2-y2 ) ] 
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One  has 
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grad  ♦  =  r  [ex(2x  -y  -z  )  +  ey3xy  +  ez3xz] 

With  the  definition 

curl  B  = 


ex( (3B3/3y)  — (3B2/3z) )+e  ( ( »B1 / 3 z ) - (3 §3/8 x ) ) +e z ( ( B$2/ 3 x )- (5^ / 3 y )  ) 


one  finds  that  Eg.  (245)  is  satisfied  by 


Simi larly 


and 


(  7  )  ^.3  *  «s» 

B  =  r  (ey-ez) 

z 1  y 


(2)  - ~-3 

=  -yr 


j(2)  ~-3 . *  -  *  - . 

B  =  r  (e  z  -  e  x) 
x  z 


r(3)  _  ;~-3 

$  =  -zr 


♦  (  3  )  ~  -  3  ,**  *  ~  \ 

B  =  r  (eyx  -  exy) 


(246b) 


(247) 


(248) 


Transferring  these  expressions  into  the  x,y,z  system  one  obtains, 


-  _  2  7  2 

withr  =x  +B(y  +z), 


and  according  to  Eq.  (240)  (using  the  definitions  Eqs.  (103)  and 
Eqs .  (101)) 

A  =  pQr  6  (ezy  -  eyz ) 


Similarly 


(2)  =  -syr'3 


♦ ( 2 )  -3  - 

Av  '  =  pQr  8(exz  -  ezx) 


(3>  =  -  8  zr" 


-*■(3)  —  3  •* 

Av=pnr  8(ex-ey) 
0  v  xJ 


Further  particular  solutions  can  be  obtained  by  differentiations 
with  respect  to  x,  y,  or  z. 

These  formulae  enable  one  to  determine  the  shape  functions 
for  the  element  which  forms  the  distant  field;  in  particular 
tneir  values  at  the  far  boundary  of  the  computed  field.  In  the 
interior  of  the  computed  field  one  shape  function  has  as  support 
several  elements  which  are  adjacent  to  each  other.  In  the  same 
manner  the  shape  functions,  which  for  the  distant  field  are  given 

uy  tne  expressions  shown  above,  have  contributions  in  all  tne 
elements  of  the  computed  field  adjacent  to  the  far  boundary.  In 

these  elements  they  are,  of  course,  expressed  oy  means  of 
elemental  shape  functions  of  the  same  character  as  all  other 
elemental  shape  functions  in  the  computed  part  of  the  flow  field. 


SECTION  IX 


FAR  FIELD  CONDITIONS  AND  CIRCULATION  EFFECTS 
IN  TWO-DIMENSIONAL  FLOWS 

The  presence  of  circulation  in  a  two-dimensional  flow  has 
an  effect  rather  different  from  the  presence  of  a  vortex  sheet  in 
three  dimensions.  The  circulation  in  a  two-dimensional  flow  is 
described  by  just  one  parameter.  The  particular  solution 
representing  the  circulation  in  the  distant  field  satisfies  the 
linearized  equation  for  the  distant  field  exactly.  The  vortex 
sheet  in  the  distant  field  of  a  three-dimensional  flow 
constitutes  a  much  more  concentrated  perturbation  of  complicated 
character,  so  that  one  can  use  even  in  the  distant  field  only  an 
approximate  representation.  The  two  cases  are,  therefore, 
treated  separately. 

In  the  two-dimensional  case,  it  seems  as  if  it  suffices,  if 
one  includes  in  the  representation  of  the  distant  field  the  one 
term  which  gives  a  circulation.  If  one  uses  a  representation 
which  uses  the  idea  of  a  potential,  then  it  is  continued  into  the 
computed  part  of  the  flow  field  by  an  expression  which  gives 
after  one  circuit  around  the  profile  constant  jump  of  the 
potential.  In  the  w  representation,  it  is  not  necessary  to 
include  such  a  term. 

The  w  and  the  $  methods  have  in  common  that  the  integrals 
J  that  are  to  be  minimized  contain  in  the  integrand  directly  the 
governing  equation.  But  in  the  distant  field  these  equations  (in 
their  linearized  form)  are  exactly  satisfied.  The  integrals  J 
therefore  need  to  be  evaluated  only  over  the  computed  part  of  the 
flow  field.  They  still  depend  upon  the  parameters  of  the  distant 
field  because  the  support  regions  of  the  shape  functions 
pertaining  to  the  coefficients  of  the  particular  solutions  in  the 
distant  field  include  elements  adjacent  to  the  far  boundary  of 
the  computed  field.  For  the  term  representing  the  circulation 
the  support  region  in  the  $ , representation  is  given  by  the 
entire  flow  field.  In  the  w  representation  J  is  given  by  Eq. 
(115)  that  is 
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J  =  (1/2) 


P0  (div  m(w))  +  (D  curl  w)  ]dt 


(  249) 


For  the  $  ,  tp  representation  one  has  from  Eq.  (142)  combined  with 
Eq.  (151) 


J  =  (1/2)  [D(m(grad  ♦  )  —  e  +  e  ♦  )  ]  dt 

x  y  y  x 

n 


(  250) 


For  simplicity  additional  terms  needed  because  of  special 
requirements,  for  instance  the  presence  of  shocks,  or  approxima¬ 
tions  to  the  boundary  conditions  are  omitted.  In  these  repre¬ 
sentations  it  is  probably  preferable  to  exclude  immediately  from 
w,  $  and  vi>  the  contributions  of  the  underlying  parallel  flow. 

For  some  point  of  the  respective  function  spaces,  (given  by 

the  shape  parameters  including  the  coefficients  of  the  particular 

solutions  in  the  distant  field)  the  function  w  or  <t>  and  *  are 

completely  determined  and  the  integral  J  can  be  evaluated.  The 

derivatives  3 J/3p  .  and  3J/3c.  (where  the  p.'s  and  the  c.'s  are 

3  3  *3  3 

respectively  the  shape  parameters  for  the  interior  of  the 

computed  flow  field  and  the  coefficients  of  the  particular 

solutions  in  the  distant  field)  are  best  found  by  numerical 

differentiation  of  J,  although  it  is  possible  to  derive  integral 

representations. 

Dominant  at  infinity  are  the  contributions  due  to  a 
circulation.  On  the  other  hand,  we  have  found  that  there  is  a 
linear  combination  of  the  contribution  due  to  the  circulation  and 
a  function  without  circulation  which  leave  the  integral  J 
unchanged.  If  one  dealt  with  linear  equations  (as  in  the 
incompressible  case)  one  could  determine  such  a  linear 
combination  once  and  for  all.  For  the  present  nonlinear  case 
this  is  impossible,  but  it  seems  desirable  to  modify  the  formula¬ 
tion  in  such  a  manner  that  large  contributions  from  distant  parts 
of  the  flow  field  do  not  appear.  Since  is  single  valued  it  is 
in  principle  not  necessary,  except  at  the  far  boundary,  to 
connect  variations  of  the  circulation  to  variations  of  ,  but  by 
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doing  so  one  ootains  an  integrand  which  in  distant  parts  of  the 

flow  field  is  much  smaller.  Let  c_<>'  be  the  contribution  to  $ 

(  r )  r 

due  to  circulation.  Let  c  r be  the  corresponding  contribution 
to  t|>  and 

i  n 

ijis  1J1 '  +  c  j,  ' 

*  =  O'  +  c  r) 

Then  one  has 

J  =  ( 1/2)  j  [D(m(grad  (*'  +  cro(r))  -  ex  -|y  ( '  +  cr4>(r)) 

0 

+  ey  +  cr»lr))]2d: 

Actually  nothing  except  the  description  of  the  elements  of  the 

(  r )  (  r ) 

function  space  by  4»',  $  ,  and  i|»'  has  been  changed.  But 

the  functions  ♦’  and  ♦'  vanish  more  rapidly  as  one  moves  away 
from  the  profile,  and  at  distant  parts  of  the  computed  flow  field 
the  contribution  of  $  and  cancels  the  expression  m  almost 

completely.  A  similar  procedure  may  be  practical  also  in  the  w 
representation.  In  principle  the  circulation  enters  the  w 
representation  only  through  data  at  the  far  boundary.  One  can, 

however,  define  within  the  computed  part  of  the  flow  field  a 

♦  (  r )  ♦  (  r )  . 

portion  crwv  in  such  a  manner  that  w  satisfies 

div( pqB2D  2w( )  =0 
♦  ( r ) 

curl(w'  ‘  )  =0 

♦  ( r ) 

This  means  one  extends  the  region  of  support  of  the  function  w 
which  pertains  to  the  contribution  of  the  circulation  in  the 
distant  field  throughout  the  flow  field,  rather  than  just  through 
the  elements  adjacent  to  the  far  boundary.  Then  one  writes 


If  one  uses  this  form  w  ,  it  will  decrease  more  quicxly  and  the 
terms  of  the  integrand  will  cancel  almost  completely  at  a 
distance  from  the  air  foil.  This  holds  in  particular  when  one 

determines  3J/3c  .  Of  course,  the  computational  work  for 

*  ♦  (  r ) 

determining  3j/3cr  is  increased  because  the  support  of  w '  is 

given  by  the  whole  flow  field. 

The  distance  definition  required  for  a  conjugate  gradient 
search  is  given  in  the  w  representation  by  Eq.  (117) 


(Subscripts  1  and  2  refere  as  always  to  the  x  and  y  components  of 
the  vectors  g  and  w.  We  have  chosen  c^  =  0  in  Eq.  (117).)  In 
the  distant  field  one  has  the  representation 


♦  (  i ) 

where  w  refer  to  particular  solutions  admitted  in  the  distant 
field,  one  of  the  particular  solutions  is  w'  and  the 
corresponding  c  is  the  coefficient  c  .  They  are  of  course  the 

^  X»  I 

same  for  w  and  g.  Each  component  satisfies 


div(D  2grad  wj1^)  =  0 
div(D  2grad  w^r^)  =  0 


(252) 


Tc  oe  varied  are  the  c .  and  c  .  Therefore,  one  has  in  the 

l  r 

distant  field 
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I  1  (D  grad  g.)  •  (grad  6w-)d-t 

1  =  1  Jn 

SD 


Z  zzc  n  6c  (D~2grad  g|n^  •  grad  w|l))dT 

i=l  in  g'n  1  J  1  1 


=  Z  ZZC  6C 
«  q  §  n 
i=l  in  * 


( D_2grad  g|n)  *  e,  „)w|t)do 


.  V*-'  k  UM  H  •  W  j  /  w  • 

g  ,n  l  j  i  d  ,n  l 


The  last  step  is  obtained  by  an  integration  by  parts.  The 
integral  over  n~  vanishes  because  of  Eqs.  (252),  e,  denotes  the 
unit  vector  in  the  direction  of  the  outer  normal  to  the  distant 
field.  If  one  denotes  simply  by  en  the  outer  normal  of  the  far 
boundary  of  the  computed  flow  field  then  one  has 


e  =  -e , 
n  d  ,n 


Thus  from  Eq.  (251) 


[g,5w]  =  Z  (  D  grad  g.  •  grad  6w.)di 
i=l 

a 


-  ZZ6C  c  „  (D-Zgrad  wj 
i  g ,  n  ^  l 

in  \ 

XD 


w<n)  •  ef  )w|l)do) 
l  t ,  n  x 


(  253) 


This  expression  is  equated  with  6 J ,  expressed  in  terms  of 
6w  and  The  variations  6w  are,  of  course,  expressed  by 

variations  of  the  shape  parameters.  For  each  variation  of  a 
snape  parameter  and  of  c  one  obtains  one  linear  equation  for  the 

X>  ^ 

coefficients  c  and  the  shape  parameters  pertaining  to  g  (q.  . 

9  i 1  1  •  J 

in  Eq.  ( 84 )  )  . 

In  the  $,  41  representation  one  defines  according  to 
Eq.  (172) 


grad  5 


=  0 ,  =  0  ,  A ^  =  9 • 

In  the  presence  of  circulation  one  encounters  the  following 

difficulty  in  the  definition  of  the  scalar  product  between  two 

functions  9^^  and  9^2^.  These  functions  will  contain  terms 

c rlarc tg ( ay/x )  and  c r2arctg ( ay/x ) ,  respectively.  The 

corresponding  functions  9  are  -(c  ,/2)pnlog(x2  +  a2y2)  and 
2  2  2  *  ^  ^ 

”cr2p0^og^x  +  8  y  )•  This  gives  rise  to  expressions  in  the 
scalar  product 

-1  2 
crlcr2  (D  (9rad  arctg(ey/x))  dr 

Now  dx-rdrde,  grad  arctg ( By/x ) ~r  The  integral  does  not 

converge  as  r  tends  to  infinity. 

This  can  be  remedied  by  redefining  the  scalar  product.  Two 
such  formulations  are  given 

1.  The  values  of  c  can  always  be  recognized  in  an  element 

of  the  functions  space  by  examining  the  jump  of  9  as  one  mak.es 

(  r ) 

one  complete  circuit  around  the  profile.  The  functions  9  and 
(  r )  • 

9  m  the  distant  field  have  already  been  defined.  We  add  a 

definition  for  these  functions  within  the  computed  part  of  the 

(  r ) 

flow  field.  The  only  requirements  are  that  9  gives  the  same 

jump  of  9  in  the  computed  part  of  the  flow  field  and  continuity 

as  one  passes  from  the  computed  part  of  the  flow  field  to  the 

uistanr  field.  No  relation  to  the  first  differential  equations 

(  r ) 

need  to  be  imposed.  9  has  no  jump,  otherwise  one  has 
analogous  conditions.  One  now  represents  an  element  (9,9)  as 
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.  V  “  /  \ 
» *  ) 


(  255) 


(  ♦'  »  * '  )  +  c  r(  ♦ 
and  uses  as  definitions  of  the  scalar  product 


l  ( 


(2) 


)) 


(  -1  ( 1 )  -1  (  2 ) 

j  (D  igrad  '  1  )  •  (D  grad  f)di  (256) 

n+fld 

+  j  (D  ^grad  <p'^^)  •  (D  ^grad  ♦' ^^)dr  +  const  c  r^c  ^ 

fl+£1d 


2.  One  can  introduce  a  contour  r  (which  can  but  need  not 

c 

coincide  with  the  outer  contour  of  the  computed  flow  field  rD) . 
Outside  of  rc  one  disregards  in  the  definition  of  the  scalar 
product  the  terms  due  to  circulation.  Let  and  Qq  be  the 
fields  inside  and  outside  of  r  .  Accordingly  we  define 


(  -2  -2 

[  (g  ,g  ),(5$f4i(>)l  =  ,  [D  grad  g  *grad  4*  +  d  grad  g  ,  *grad  4*]4t 
i>  V  j  9  V 


°i 


f  ,  _-2 


+  ,  ID 


grad  (g  -c  [ ? }  ^  r  ^  )  *grad(  4$-  4ca  ^  r  *  $  ^  r  ^  ) 


(257) 


♦  g 


+  D  2(grad  g  ^-c^  r  ^  ^  r  ^  )  *grad  (  5  it>- 4Cg  ^  r  r  ^  ]  d  x 


This  leads  again  to  a  legitimate  positive  definite  distance 
definition.  The  same  difficulty  will  be  encountered  in  the  £ 
representation.  One  then  obtains  the  following  expressions. 
Assume  for  the  second  approach  that 


In  the  distant  field  one  then  has  in  each  case 


(  i) 


4,  • 

9i 


q  1 


U) 


l 

tcj 
t  1 


Ic  $ 
n  g'n 
EC 


(n) 

,  ( n ) 


g ,  n 


(258) 


(  l  )  (  t  ) 

Expressions  for  the  particular  solution  $  and  4>  have  been 
derived  in  the  preceding  section.  In  the  distant  field 
expressions  for  the  circulation  are  not  included.  The  function 
4> k  '  and  41 v  '  satisfy 


div(D  ^grad  $ ^  1  ^  )  =  0 
div(D  ^grad  4'^*’^)  =  0 


(259) 


One  then  obtains  for  the  distant  field 


_  2 

[D  grad  a  *grad  6<>]dT  =  EEc  Sc.  , 

in  g,n  lJ 


(D  ^grad  grad  4>^  n  ^  )  d  t 


fi 


Because  of  Eq.  (259)  and  Eg.  (36)  one  has 


f  D  ^grad  ^  ^  ^  "  grad  4>^n^dx  = 


((D  rad  ♦  ^  1  ^  ) 


2  w ( n ) 

e  )  4>  do 

dn 


((D_2grad  4>  ^  n  ^  )  *  e^  )$^4^do 


(260) 


Analogous  formulae  are  obtained  for  41. 

In  the  first  approach  one  uses  the  decomposition  Eq.  (255) 

throuahout  the  flow  field,  $'  and  4^',  and  g',g'  are  represented 

$  4» 

in  the  computed  part  of  the  flow  field  by  means  of  elemental 
shape  functions.  One  then  has  according  to  Eq.  (256) 


Kg./g^c  ) ,  ( 60, 6<n,  «c  )] 

♦  v  g 

f  -2  -2 

=  I  [  ( D  grad  g')  •  grad  6$'  +  (D  grad  g  *  )  •  grad  641'  ]dx 

J  9  V 


-  lie  6c  j  [(D-2grad  9  ^  )  *e  4>  ^  n)  +  (D~2grad  9  (  1 J  *e  )  ¥ (  n  *  ]  < 

tn  g,n  i  ;  n  n 

rD 

+  const  c(r)  6c  ^ 

g  g 

As  before,  the  shape  function  belonging  to  the  variations 
expressed  by  6c  include  in  their  support  area  elements  adjacent 
to  the  distant  boundary  of  the  flow  field. 

In  the  second  approach  the  integrals  over  the  computed  part 

(  r )  (  r ) 

of  the  flow  field  include  the  contributions  of  9  and  4/  to 
¥,g  and  ¥,g  ,  .  These  expressions  will,  therefore,  depend  upon 

$  V 

(  r )  (  r ) 

6c  and  c  .  (At  least  m  *  and  gA  one  must  identify  in  the 

g  g  * 

finite  element  representation  a  contribution  due  to  circulation, 
because  of  the  jump  in  9  after  one  circuit)  .  One  then  obtains 


(  r )  (  r ) 

6J  *  l(VVCg  > 

f  -2  -2 

=  j  [(D  grad  g^)  •  grad  641  +  (d  grad  g^)  *  grad  6  4>  ]  d  x 

a 

-  He  6c  (  [  [D_2grad  9  ^  l'>  *e  )  9  ^  +  (D  2grad  4<  ^  1 )  *e  )  v  (  n ' 

g  ,n  *.  j  n  n 

- 

D 

To  obtain  equations  for  g^  and  g^,  one  equates  these  expressions 

(in  terms  of  g  .g.,  641,  and  6 4» )  with  those  in  terms  of  4 >,¥»  &9, 

9  ¥ 

and  6¥. 


Tne  reader  will  keep  in  mind  tnat  functions  9  and  ¥,  and 
a.so  g^  and  g^  include  terms  for  the  circulation  throughout  the 
flow  field.  Merely  in  the  expression  for  the  distance  definition 
is  the  contribution  of  the  circulation  omitted  in  the  field 
No  infinities  of  the  type  encountered  in  the  distance  definition 
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(which  are  the  cause  o£  the  above  revisions)  arise  in  the 
expressions  6J  in  terms  of  0,0,  5$,  and  6 (i,  for  these  expressions 
are  ultimately  based  on  the  flow  equations  which  are  satisfied 
in  the  distant  field. 

In  the  Bristeau  approach  an  auxiliary  function  5  is 
determined  by  Eq .  (176) 

-2  * 

div(D  grad  5)  =  div(m(grad  0)) 

with  boundary  conditions  Eqs.  (180)  and  (181) 


5=0  on  r  -  r. 


2 . 


D  grad  5  •  e  -  (m(grad  0)  *  e  -  f„)  =0  on  r _ 
n  3  n  2  2 


The  function  5  provides  a  measure  for  the  residual  div(m(grad  0)) 
the  differential  equation  for  5  is  not  related  in  its  form  to  the 
original  differential  equation.  (The  equation  for  5  is  a  Poisson 
equation,  which  is  elliptic,  while  the  technique  can  be  applied 
also  to  hyperbolic  equations.)  The  function  5  obtained  from  the 
last  equation  is  single  valued  in  the  first  place.  In  the  flow 
over  a  profile  one  might,  however,  consider  adding  a  term  corre¬ 
sponding  the  circulation  in  order  to  suppress  the  (fairly 
harmless)  singularity  which  otherwise  would  arise  at  the  trailing 
edge.  The  author  believes  that  this  possibility  should  be 
rejected  because  of  the  following  considerations. 


1.  The  function  J  defined  by  means  of  5 


J  = 


(  g  rad  5  )  dt 


n+n 


D 


would  not  converge  in  a  finite  domain. 


2.  An  even  more  compelling  reason  arises  already  for  a 
finite  region  in  the  evaluations  of  6J.  Consider  such  a  region 
a.  If  a  term  analogous  to  a  circulation  is  present  then  5  will 
nave  a  jump  and  one  must  introduce  a  cut  which  connects  the 


protile  with  the  outer  boundary.  Retraciny  previous  steps  one 
obtains 


Therefore,  with  another  integration  by  part 

-2  •* 

6 J  =  £(grad(D  6  £  -  M  grad  6$)  •  e  do 

n 

/ 

r 

f 

+  jM  grad  £  •  grad  6$dT 

J 

0 

For  reasons  given  above  the  integral  over  r  vanishes  for  the 
surface  of  the  profile  and  for  the  outer  boundary,  but  if  £  has  a 
jump  £  +  a  contribution  from  the  two  borders  of  the  cut  remains. 

It  is  given  by 


In  evaluating  this  expression  one  is  confronted  with  the 
forbidding  task  of  determining  for  each  choice  of  6<t>  the 
pertinent  H.  A  term  in  £  analogous  to  a  circulation  will  there¬ 
fore  be  excluded.  Conceptually  (but  not  practically)  one  can 

express  the  contribution  to  $  due  to  a  change  of  the  circulation 

(  r  ) 

by  a  function  $  which  satisfies  the  differential  equation 
linearized  for  the  current  approximation,  namely, 


d  iv  (  M  g  rad  $  ^  r  '  )  =  0 
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U  ■  \  ■  U  ■  V 


and  the  homogeneous  boundary  conditions  at  the  profile.  The 

(  r  )  <  r ) 

function  t,  pertaining  to  this  function  $  is  zero,  because 

the  right-hand  side  of  the  equation  determining  £,  viz. 


div(D  2grad  =  div(M  grad 


is  zero.  One  therefore  has 

J  +  6J  =  |  [grad  £  +  5r  grad  +  0(6r)2]2dx 
Q 


=  J  +  26r 


[grad  5  *  grad  +  0(6r)  ]dx 


6  J  =  0(  6r ) 


(  262) 


This  result  expresses  the  fact,  stated  before,  that  in  the  4> 

space  the  condition  J  =  0  does  not  define  a  unique  point  but 

there  is  a  "valley"  along  which  J  =  0.  The  existence  of  such  a 

valley  remains,  although  Eq.  (262)  will  then  not  be  satisfied,  if 
( r ) 

the  function  $  fails  to  satisfy  Eq .  (261).  In  the  future 
development  it  is  not  assumed  that  Eq .  (261)  is  satisfied  by 
D * ‘  \  except  for  the  distant  field  where  we  postulate  that  the 
approximation  to  Eq .  (261) 

d  iv ( D  grad  $ k  )  =0 


is  satisfied. 

The  discretized  form  of  the  equation  for  ?  is  conveniently 
ootained  from  a  minimum  formulation.  This  is  a  technicality 
which  has  nothing  to  do  with  residual  minimization  applied  to  the 
basic  flow  equations.  Such  equations  are  obtained  by  minimizing 

(  -1  2  ( 

[(Dm(grad  $)  -  D  yrad  S]  dT  +  f^^do 


with  t,  -  0  on  (r  -  r  )  . 
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'i'ne  function  ^  is  represented  by  the  same  shape  functions  as 
those  used  for  the  function  0,  including  tnose  in  the  field  at 
infinity.  There  0  is  supposed  to  satisfy  the  linearized  form  of 


div  m(grad  0)  = 


2 

6  d  1  v 


-  2 

D  grad 


=  0 


In  the  distant  field,  contributions  due  to  circulation  are 
omitted.  The  variation  of  J  is  given  according  to  Eq.  (183)  by 


6  J 


j  (M  grad  5  •  grad  60)dT 
a+Qd 


0  consists  of  a  single-valued  part  0'  and  a  portion  due  to  the 
circulation 


0  =  0'  +  cr 


(r) 


Then 

( r ) 

6$  =  641'  +  6  Cj.  $ 

Along  some  line,  which  extends  from  the  profile  to  infinity,  the 
function  0(r)  has  a  constant  jump.  Tne  integral  will  converge 

and  because  in  the 
flow  equation 
flow,  specifically. 


and 


because  5  is  assumed  to  be  single  valued, 
distant  field  0  is  assumed  to  satisfy  the 
linearized  for  the  vicinity  of  a  parallel 
one  has  in  the  distant  field 


_  ,U)  .  „  .  (r) 

—  Z  C  ^  0  +  Cr  tp 


n  ^ 


(  1  \ 

wn ere  as  before  the  functions  0  are  those  single-valued 
particular  solutions  of  the  linearized  flow  equation  whicn  are 
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(  r) 

admitted,  and  ♦  is  the  one  which  expresses  a  circulation. 
Then  one  has  as  contribution  to  5J  from  the  distant  field 


f  2  -2 

j  (  Pq  8  D  grad  C  •  grad  5$)dt 

=  p0  82  I6c1|(D  2  grad  )  •  grad  Odr 

it 

+  «c  r  j  ( D  2  grad  ^  )  •  grad  5  di 


=  pQ  02  e  6c  ^  j  (D_2grad  ^  l'>  •  e^  d)  cdo 


+  6cr  j  (D~2grad  4>(  r)  •  en  d )  £do 


(The  contour  rQ  should  include  a  circle  in  the  x,y  system  which 
moves  to  infinity).  This  contribution  vanishes  because 

— 2  /  n  *► 

D  grad  «t>v  '  *  en  d  vanishes.  The  integrals  over  vanish 
it)  (  r) 

because  4>  and  satisfy  the  linearized  flow  equations.  One 

therefore  has 


6J  =  j  ( M  grad  5  •  grad  5$)d  -r  -  Z6c  ^Pq  B2  j  (D2grad  ^  l>>  »e_  ^ )  £do 
“  1  rD 


'n,d 


,2  f  ,„-2. 

j 

r„ 


-  6crP08  j  ( D  grad  $ 


1  F)  •  ®n,d>  Edo 


<263) 


In  the  discretized  case  the  shape  functions  belonging  to  the 
shape  parameters  c  and  c  r  include  in  their  support  respectively 
the  elements  adjacent  to  the  far  boundary  of  the  computed  flow 
field  or  the  entire  flow  field. 
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In  the  following  discussion  of  tne  gradient  vector  one  will 
remember  that  the  distance  definition  in  the  0  space  is  con¬ 
ceptually  independent  from  the  definition  of  J.  In  an  infinite 
space,  the  Bristeau  scalar  product 

U(1)»*(2)]  -  |  D~2grad  0(1)  •  grad  *(2)dT 

fl+flD 

is  infinite  if  both  0  ^  ^  and  0  ^ 2  ^  contain  a  term  due  to  circula¬ 
tion,  but  such  terms  must  be  admitted  in  the  gradient  vector  as 
well  as  in  the  potential.  In  complete  analogy  with  the  0,0 
representation  write 


(1>  •  ♦'<1>  ♦  erl* 


(r) 


121  =  *'<21  ♦  cr2  *(n 


(264) 


where  0'^  and  0'^  are  single  valued  and  satisfy  in 

-2 

div  D  grad  0'  =  0 
( r ) 

0  has  a  constant  jump  and  satisfies  the  corresponding  dif¬ 
ferential  equation  in  the  distant  field  Dut  not  necessarily  in 
tne  computed  part  of  the  flow  field.  Then  we  define  either 


n(1,,*(2)i  - 


(D  \grad  0'^^)  •  (D  ^grad  0'^2^)dT 


n+n. 


+  const  c 


n  r  2 


(265) 


or  alternatively 


l0(1),0(2))  =  |  ( D-igr ad  0(1))  •  (D_1grad  »(2|)dT 

ni 

+  f  (D_1grad  0,(1))  *  (D_1grad  0,(2))dx 
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Both  definitions  give  positive  definite  norms  which  do  not 
diverge  if  circulation  is  present. 

Now  we  choose  for  the  gradient  function  g  and  for  <t>  ^  2  ^ 

the  variation  s$.  We  set  in  analogy  to  Eq.  (264) 


g  =  g '  +  c  (rVr) 

^  *  g 


6$  —  S  $  1  +  6c^,(j 


(D 


Then,  for  the  definition  Eq.  (265) 


6J  =  [g,  so]  = 


(D  ^grad  g1)  *  (D  "^"grad  s$')dx 


a+n. 


( r ) 

+  const  c  6c ,  . 

g  ( r) 


In  the  distant  field  one  has 


.  =  r^(r)  (n) 


g'  =  sc^'* 

n 


6$'  =  ISC 


In  a  familiar  manner  tne  integral  over  the  distant  field  can  be 
changed  into  a  surface  integral. 


[  (D  2grad  g')*grad  S$'dx 


Qu 


I  ic  ^ 1  *  sc 
m  ^  l 


-2 

(D  grad  $ 


(n>.£ 


n  ,d 


U) 


)*v  "'do 


l ic  ^ 1 ^  sc  (  ( D  2grad  $ 


, )$(n)do. 


Thus,  for  the  first  definition 


6 J  =  |(D_igrad  g')  •  (D  ^grad  s«' )dr 
Q 

(266) 

-  iic^^sc  (D  2grad  •  e  )$^n^do  +  const  c^6c 

m  g  1  n  9  r 

'  D 

The  support  regions  belonging  to  the  shape  function  whose 

(  £  ) 

parameters  are  c'  and  6c  include,  as  before,  the  elements 

y  ^ 

adjacent  to  the  boundary  rD.  The  gradient  vector  is  then 

obtained  by  equating  the  expression  Eq .  (263)  and  Eq.  (266)  and 

using  the  fact  that  the  parameter  pertaining  to  6$  (including 

6c  and  6c  ) can  be  varied  independently 
r  i 

A  similar  procedure  can  be  applied  to  the  second  definition 
of  the  scalar  product.  Details  are  left  to  the  reader.  It  is 
difficult  to  decide  on  purely  theoretical  grounds  which  of  these 
two  definitions  is  preferable. 
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SECTION  X 

THREE-DIMENSIONAL  FLOWS  WITH  A  WAKE 


In  formulations  of  the  problem  which  use  the  potential 
(including  those  which  use  the  potential  and  the  vector  field  A) 
one  must  introduce  instead  of  the  wake  an  internal  boundary. 

This  can  be  done  also  in  the  w  representation.  The  procedure  is 
described  in  principle  in  Section  VIII.  Outside  of  the  wake 
one  then  has 


or 


curl  w  =  0 

(267) 

div  m(w)  =  0 
w  =  grad  $ 

(268) 

div  m(grad  4>)  —  0 
w  =  grad  $ 

(269) 

+  ♦ 
m(grad  <i>)  =  curl  A 


We  have  seen  in  Section  VII,  that  the  ability  of  an  Euler  code  to 
capture  a  wake  is  preserved,  if  one  uses  instead  of  Eq.  (267) 

♦  -* 
w  x  curl  w  =  0 

(270) 

div  m(w)  =  0 


Since  the  wake  is  not  explicitly  defined  in  such  an  approach  (in 
particular  not  the  line  from  which  the  wake  starts)  one  has  in 
addition  the  conditions,  imposed  along  the  entire  trailing  edge, 
that  the  velocity  immediately  behind  the  trailing  edge  has  the 
direction  of  the  bisector  of  the  angle  at  the  trailing  edge. 

This  is  quite  analogous  to  the  treatment  of  the  two-dimensional 
case,  where  one  does  not  introduce  the  wake  explicitly. 
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Applying  residual  minimization  one  defines 


J 


*  *  2  *  +2 
[(div  m(w)  +  const(w  x  curl  w)  dx 

n 


(271) 


(with  an  additional  condition  at  the  trailing  edge).  This  then 

should  allow  wake  capturing.  Strictly  speaking  such  a 

formulation  has  a  meaning  only  in  the  discretized  form.  At  the 

wake,  w  is  discontinuous,  the  vorticity  curl  w  is  zero  everywhere 

except  within  the  infinitesimally  thin  wake,  but  there  it  has  the 

character  of  a  delta  function.  In  the  nondiscretized  form 
♦  *2 

(w  x  curl  w)  dx  has  no  meaning,  even  if  one  applies  the  concept 
of  generalized  functions  in  the  evaluation  of  the  integral.  The 
discretized  version  camouflages  this  difficulty,  although  it  may 
make  itself  felt,  if  one  reduces  the  size  of  the  elements. 

Frequently  the  vortex  sheet  is  treated  in  the  linearized 
approximation.  Then  w  x  curl  w  is  replaced  by  ex  x  curl  w  and 
since 


div  curl  w  =  0 


one  obtains 


curl  w  =  f(y,z)  •  e^. 

The  vorticity  is  constant  along  the  streamlines  of  the  linearized 
flow,  and  this  implies  that  the  jump  of  the  potential  between  the 
upper  and  lower  side  of  the  wake  is  constant  along  those 
streamlines.  Of  course  the  magnitude  of  the  jumps  is  unknown,  it 
is  represented  by  a  function  of  one  independent  variable  (for 
instance  z) .  The  solution  of  the  linearized  problem  can  then  be 
obtained  by  determining  the  velocity  field  due  to  a  doublet 
distribution  (with  axes  directed  normal  to  the  vortex  sheet) 
whose  intensity  is  determined  by  the  local  jump  of  the  potential. 
To  this  expression  is  superimposed  a  solution  of  the  homogeneous 
problem  (which  disregards  the  wake),  chosen  in  such  a  manner  that 
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the  boundary  condition  at  the  surface  of  the  wing  is  satisfied. 
The  velocity  field  obtained  by  this  construction  will,  in 
general,  fail  to  satisfy  tne  Kutta  condition  at  the  trailing 
edge,  this  condition  requires  the  proper  choice  of  the  potential 
jumps  in  the  wake. 

Incidentally,  in  the  nonl inear ized  formulation  tne  form  of 
the  flow  field  in  the  vicinity  of  a  trailing  edge  is  by  no  means 

simple.  The  velocity  components  on  the  upper  and  lower  side  in 

the  direction  of  the  trailing  edge  are  in  general  not  the  same. 
Let  us  assume  that  one  has  a  finite  trailing  edge  angle.  If  tne 
flow  behind  tne  trailing  edge  has  the  direction  of  the  bisector 
of  this  angle,  then  one  has  for  the  component  normal  to  the 

trailing  edge  a  stagnation  point  on  both  sides.  But  if  the 

tangential  velocities  are  different,  then  tne  "stagnation 
pressures"  are  different.  Therefore,  this  description  (which  we 
have  used  above)  is  not  entirely  correct.  The  author  conjectures 
that  on  the  side  where  the  tangential  velocity  is  smaller,  the 
streamlines  do  not  reach  a  stagnation  point,  Dut  only  a  velocity 
which  gives  the  pressure  corresponding  to  the  stagnation  pressure 
(for  the  normal  flow  component)  on  the  other  side.  The  stream¬ 
line  retains  the  direction  of  the  surface  (but  probably  with 
infinite  curvature).  On  the  other  side  one  has  a  sudden  cnange 
of  direction.  Of  course  these  details  will  not  appear  in  the 
discretized  treatment  of  the  proolem,  and  tnen  the  rule  that  the 
velocity  vector  snould  have  the  direction  of  the  bisector  is 
suf  f lcient . 

In  one  approach  to  the  treatment  of  the  computed  part  of 
the  flow  field  one  identifies  the  wake.  In  other  words  one 
introduces  parameters  describing  the  wake  snape  by  a  finite 
number  of  parameters.  The  characterization  of  the  element  in  the 
function  space  then  includes  the  shape  of  the  vortex  sheet.  Tne 
detinition  of  the  integral  to  be  minimized  and  the  definition  of 
tne  scalar  product  must  include  the  parameters  for  the  shape  of 
the  vortex  sheet.  Alternatively  one  does  not  identify  the  wake 
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and  uses  the  formulation  (Eq.  (271))  (with  extra  terms  which 
express  the  Kutta  condition) • 

Also  needed  are  far  field  conditions.  The  most  important 
term  is  the  expression  due  to  the  vortex  sheet.  For  the  flow 
field  in  the  vicinity  of  the  vortex  sheet  the  application  of 
linearized  theory  is  somewhat  questionable;  for  linearized  theory 
will  give  infinite  velocities  at  the  outer  edges  of  the  vortex 
sheet.  The  results  of  the  linearized  theory  will  nevertheless  be 
used  because  one  needs  analytic  solutions  for  the  distant  field 
and  nothing  better  is  available.  The  far  field  affects  the 
computed  part  of  the  flow  field  only  through  the  velocity 
distribution  at  the  far  boundary,  but  at  best  this  velocity 
distribution  is  only  approximately  known. 

The  vortices  in  the  far  field  are  represented  by  straight 
lines  parallel  to  the  x-axis.  They  may  or  may  not  lie  in  a 
plane.  The  parameters  describing  the  vortex  sheet  give  in  one 
form  or  the  other  the  geometric  location  of  these  vortices  and 
their  strength.  As  was  mentioned  above,  only  the  velocity 
distribution  at  the  boundary  of  the  computed  region  due  to  such  a 
vortex  sheet  is  needed.  It  is  practical  to  terminate  the  vortex 
sheet  inside  of  the  computed  region  (for  instance  at  the  wing 
itself).  An  extension  of  the  vortex  sheet  into  the  computed 
field  adds  solutions  of  the  homogeneous  problem  to  the  outer 
field  and  this  is  always  admissible.  (Inside  of  the  computed 
field  the  vortex  sheet  in  the  far  field  is  not  used.)  By  such  an 
extension  one  avoids  singularities  which  arise  at  the  beginning 
of  the  vortex  sheet,  in  this  case  at  the  downstream  surface  of 
the  computed  field.  (Singularities  which  arise  at  the  edges  of 
the  vortex  sheet  are,  of  course,  unavoidable.)  In  principle  one 
can  compute  the  flow  field  by  a  superposition  of  panels  of 
dipoles  of  constant  intensities.  This  amounts  to  building  up  the 
vortex  sheet  by  means  of  a  number  of  horseshoe  vortices.  At  the 
panel  boundaries  one  then  would  obtain  infinite  velocities  (with 
opposite  sign  normal  to  the  vortex  sheet) .  This  can  be  avoided 
if  one  represents  the  vortex  sheet  by  one  field  with  vortices 
which  extend  from  upstream  to  downstream  infinity  and  subtracts 
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from  it  the  same  vortex  sheet  extending  from  upstream  infinity  to 
some  line  that  crosses  the  wake  close  to  the  wing.  The  velocity 
pertaining  to  the  first  vortex  sheet  can  be  expressed  by  two- 
dimensional  methods.  For  the  boundary  of  the  computed  field 
downstream  of  the  wing,  the  second  vortex  field  can  be  taken  into 
account  by  a  fairly  rough  approximation  (for  instance  horseshoe 
vortices).  For  the  boundary  of  the  computed  region  upstream  of 
the  wing  one  uses  the  original  form  of  the  vortex  sheet  in  a 
fairly  rough  approximation.  (This  however  is  a  technicality.) 

To  tne  expressions  so  obtained  one  may  add  in  the  distant  field 
the  first  few  of  the  particular  solutions  derived  in  Section 
VIII . 

The  flow  field  as  a  whole  is  now  described  by  the  shape 
parameters  for  the  interior  of  the  field  within  the  computed 
field  (they  include  the  location  of  the  vortex  sheet,  if  one 
introduces  it  separately)  and  the  parameters  which  characterize 
the  distant  field:  in  the  first  place  the  parameters  for  the 
wake,  and  perhaps  the  first  few  of  the  homogeneous  particular 
solution  for  the  outer  field  given  in  Section  VIII. 

If  one  treats  far  field  conditions  in  this  manner,  then 
some  mismatch  between  the  vortex  sheet  in  the  computed  part  of 
the  flow  field  and  in  the  distant  field  is  unavoidable.  In  the 
method  of  wake  capturing  sketched  above  the  vortex  sheet  appears 
in  the  interior  as  a  region  (at  least  of  the  width  of  the  mesh) 
of  vorticity  while  in  the  far  field  one  is  likely  to  employ  a 
localized  vortex  sheet.  The  following  simple  example  is  shown  in 
order  to  snow  the  effects  of  such  a  mismatch. 

We  consider  the  linearized  problem.  A  plane  x  =  const 
taxes  tne  place  of  a  smooth  body  on  whose  surface  a  line  is 
marxed  at  which  vortices  are  allowed  to  emerge.  The  far  boundary 
is  represented  by  a  plane  x  =  L.  We  study  particular  solutions 
of  tne  Euler  equations  for  the  region  0  <  x  <  L.  For  simplicity 
an  incompressible  flow  is  considered.  Then  one  has 


or 


Sw^/Sx  +  3w2/3y  +  3  w^ / 3  z  =  0 


(272) 


The  condition 


w  x  curl  w  =  0 


in  linearized  approximation  gives 


e  x  curl  w  =  0 
x 


or,  written  in  detail 


3  w^  /  3  z  -  3  w^  /  3  x  =  0 


3w^/3y  -  3w2/3x  =  0 


One  defines/  accordingly 


(273) 


J  =  (1/2 )  { ( 3w^/3x  +  3w2/3y  +  dw^/dz) 


2  2 

+  +  ( 3  w^ / 3 z  -  3w^/3x)  +  ( 3 / 3 y  -  Sw^/Sx)  dxdydz  =  Min 


(274) 


Independent  variations  of  Sw^,  6w2/  and  6w^  lead  to  the  Euler 


equa  tions 


=0 


(275) 


3^w2/3x^  +  3^w2/3y^  +  3^w2/(3y3z)  =  0 
3^w^/3x^  +  3^w2/(3y3z)  +  S^w^/Sz^  =  0 


(276) 


These  equations  are,  of  course/  satisfied  if  one  has  a  potential 
f  low 
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W.  =  $, 


w„  = 


w,  = 


* 


z 


provided  that 


A  $  —  0  . 

Eqs.  (275)  and  (276)  are  independent  of  each  other.  Particular 
solutions  of  Eqs.  (276)  are  obtained  by  the  hypothesis 

W2 ( x , y , z )  =  w2  exp ( X x  +  i ( By  +  yz) ) 

(277) 

w  ( x,y, z)  =  w3  exp ( Xx  +  i(By  +  yz) ) 

where  w2  and  are  constants.  Then,  by  substitution  in 
Eqs.  (275) 


(  y2  -  6 2 ) w 2  ~  By  =  0 

-By  w2  +  (A2  -  y2)w3  =  0 

The  determinant  of  this  system  of  equations  for  and  must 
vanish 

2  2  2  2 
A  -  2A  (  8  +  y  )  =  0 


Then 


A 


2 


=  0 


and 


2  2  2 

A  =  B  +  Y 


2  2  2 

The  solutions  for  a  =  8  +  y  die  out  exponentially  m  the 


x-direction.  They  are  harmless 
2 

solutions  for  A  =0. 


Of  greater  interest  are  the 
The  occurrence  of  a  double  root  is  an 
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indication  that  particular  solutions  of  the  form  Eq .  (277)  do  not 

exhaust  all  possibilities.  Further  information  can  be  obtained 
by  studying  particular  solutions,  which  are  singular  at  some 
point,  for  instance  x  =  0,  y  =  0,  z  =  0,  or  x  =  L,  y  =  0,  z  =  0. 
For  this  purpose  we  introduce  cylindrical  coordinates  x,  r,  9 

2  2  ,  2 
r  =  y  +  z 

9  =  arcty(y/x) 

(  r  )  (  0 ) 

and  velocity  component  w'  '  and  w'  ’  in  the  directions  of 
increasing  r  and  9  respectively 

(  r* )  (  9  ) 

w^  =  wv  '  cos  9  -  wv  ;  sin  9 

(  X*  )  (  0  ) 

w^  =  wv  sin  9  +  w'  cos  9 

It  is  practical  to  write  the  first  of  Eqs.  (276)  in  the  form 


32w2/3x2  +  ~  (Ow2/3y)  +  (3w3/3z))  =  0 


(278) 


The  expression  3w2/ 3y  +  Sw^/Sz  is  the  divergence  in  the  y,z 
plane.  Therefore, 

3w2/  3y  +  3w^  /  3Z  =  ((3w^rV3r)  +  (w^r^r  ^  )  )  +  (dw^^/ddjr  1 


Then 


—  C(3w2/3y)  +  (3w3/3z)] 

=  { (  32w  ^ r  ^  /  3 r2  +  f-Cw^r"1  +  (  3w^  6  ^  /  3  9  )  r-1  ]  }cos  9 

o  IT 


-  ( 32w( d)/3d2)r  2sin  9 
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one  thus  obtains  from  Eq.  (278) 


{  32w(r)/ ax2)cos  9-  (  32w(  9)/ 3x2)sin  9 

+  3w^  r  V  3r  )  +  w^r^r  *  +  (3v/6V3®)r  ^]cos  9 

3  IT 

-  ~rzl  (  3w(r)/ 3r)  +  w^r-1  +  (  3w(  9)/ 3  9)  r-1  ]  r-1  sm  9  =  0 
3  9 

Rather  than  transforming  the  second  of  Eqs.  (276),  we  observe 
that  the  last  equation  must  be  correct  for  9=0  and  e  =  i.  On 
then  obtains  the  system 

32w(r)/ax2  +  l  (  3w(r  V  3r )  +  w(r)r-1  +  (  3w(  9)/ 39)r_1]  =  0 

3  IT 

and 

(32w(9)/ax2)  +  r-1  -|-x[  3w(r  V  sr  +  w(r)r-1)  +  (  aw(  0)/ 39) r-1)  =  0 

3  0 

(  IT  )  (  0  ) 

Restricting  oneself  to  axisymmetric  solutions  (w  and  w' 
independent  of  9)  one  obtains 

32w(r)/3x2  +  32w(  r  V  3r2  +  r_1(  3w(r)/ 3r )  -  r"2w(r)  =  0  (279 


and 


32w(  9)/  3x 2 


=  0 


(  280 


Eq .  (279)  is  solved  by  a  product 

{  r ) 

wv  =  exp(  ±xx)Z1(  xr ) 

wnere  Z^  denotes  some  linear  combination  of  Bessel  functions 
and  N  .  It  is  important  that  these  solutions  die  out  in  the  x- 
direction.  Of  particular  interest  are  solutions  of  Eq.  (280) 


9 


/  0  \  —  (0) 

where  w^  1  and  1  are  constants.  They  pertain  to  tne  above 
solutions  for  x  =  0.  The  first  part  represents  the  vortices 
which  in  the  linearized  flow  extend  in  constant  strength  along 
lines  parallel  to  the  x-axis,  the  second  part  represent  the 
modification  caused  by  a  mismatch.  By  setting  w(r)  =  0,  one  can 
construct  a  solution  which  does  not  change  the  vortex  distribu¬ 
tion  in  the  plane  x  =  0,  while  at  x  =  L  it  possesses  a  given 
axisymmetric  vorticity.  By  combining  expression  with  different 
origins  for  the  cylindrical  coordinates  one  can  also  construct 
more  complicated  examples  which  show  the  effect  of  misaligned 
vortices . 


SECTION  XI 

DENSITY  MODIFICATION 


In  flow  fields  containing  supersonic  regions  further 
measures  are  needed.  They  serve  to  control  instabilities  which 
may  arise  in  the  supersonic  region  and  to  suppress  expansion 
shocks.  Conceptually  they  are  of  a  different  nature,  some 
methods  of  residual  minimization  are  stable  in  the  supersonic 
region,  but  all  will  admit  expansion  shocks.  Regarding  stability 
we  make  the  following  observations.  By  their  nature  the  Euler 
equations  obtained  by  residual  minimization  do  not  differentiate 
between  upstream  and  downstream,  therefore,  instabilities  may 
well  arise.  The  methods  are,  however,  of  a  global  nature  and 
contain  some  implicitness,  which  may  stabilize  the  procedure  in 
any  case.  The  directional  preference  of  supersonic  flow  is 
introduced  by  the  boundary  conditions.  In  Sections  XIII  and  XIV 
we  shall  discuss  specific  examples. 

The  "damping"  is  frequently  introduced  by  means  of  a 
density  modification.  Here  the  following  question  arises.  In 
order  for  a  potential  flow  to  exist,  it  is  necessary  that  the 
density  be  a  function  of  only  the  pressure.  Density  modification 
seems  to  contradict  this  requirement.  However,  the  existence  of 
a  potential  flow’is  compatible  with  the  presence  of  sources 
within  the  flow  field  (see  Appendix  B).  Expressing  the  velocity 
as  gradient  of  a  potential  guarantees  that  the  Euler  equations 
are  satisfied,  not  that  the  flow  field  be  source  free.  Density 
modification  is  compatible  with  the  concept  of  a  potential  flow, 
because  it  can  be  interpreted  as  a  judicious  introduction  of 
sources.  If  density  modification  is  confined  to  a  restricted 
region  of  the  flow  field,  then  the  total  strength  of  the  sources 
is  zero,  overall  conservation  of  mass  is  maintained. 

Density  modification,  if  one  expresses  it  in  a  non- 
discretized  form,  raises  the  order  of  the  differential  equation. 
We  study  its  effect  in  some  detail.  Let  p  be  the  density  in  the 
form  as  it  is  computed  from  the  Bernoulli  equation  via  the 


■>  r'1  V 


p  =  p  +  e ( x , y , z )  grad  w  •  (w/|w|) 
and  replaces  the  equation  of  conservation  of  mass  by 

div(pw)  =  0 


Then 


div(pw)  =  div(  pw)  +  div(p-p)w 


We  study  the  effect  for  a  linearized  flow 


w  =  exU  +  W 


We  had 


pw  =  m(w) 


div(pw)  =  ( 1-M  )Wlx  +  Wly  +  Wl2 


One  then  obtains 


(1-M  )Wlx  +  Wly  4-  Wlz 


0 


The  last  term  introduces  the  density  modification  with  a 
coefficient  e  which  is  presumably  small.  In  this  term  second 
derivatives  are  encountered.  We  introduce  a  perturbation 
potential 


W  =  grad  $ 


and  set  immediately 


4>(x,y,z)  =  exp( Xx ) exp( i ( By  +  irz)) 
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One  then  obtains 


X2(l-M2)  -  ( 8 2  +  y2)  +  gM  X 3  =  0  (281) 

Here  U ,  made  dimensionless  with  the  velocity  of  sound  of  the 
basic  flow,  has  been  replaced  by  the  Mach  number  M.  For  e  small 
one  obtains  in  a  first  approximation  the  familiar  linearized 
solution  for  subsonic  flow 

xo  =  ±[<B2  +  Y2)/(1-M2)]1/2 

and  for  supersonic  flow 


Xc  =  ±[i(B2  +  y2)/(M2-1)]1/2 

The  effect  of  the  density  modification  (introduced  by  e)  appears 
in  the  next  approximation.  Setting 

X  =  X  +  X, 

O  1 

and  considering  x^  as  0(e),  one  obtains  from  Eq.  (281) 

2  X  X.  (1-M2 )  +  eMX3  =  0 
o  1  o 

MX  _  _  _  _ 

x.  =  -E  - 2=-  =  -C  (  B  +  T  )H(1-H  ) 

1  1-M 


This  gives 


4>  =  exp(i(8y  +  Yz)exp(±(B2  +  y2  ) ( 1-M2 )  ~ 1  ) 

x  exp(-e(82  +  y2)2(1“M2)  2Mx) 

For  both  subsonic  and  supersonic  Mach  number  the  presence  of  e 
introduces  a  factor,  which  causes  the  solution  to  decrease 
exponentially  in  the  flow  direction  (here  the  x-direction)  . 


There  exists,  however,  a  third  solution  of  Eq.  (281).  It 
is  found  if  we  write  it  in  the  form 

e  MX  +  (1-M2)  -  ( 6 2  +  y2)/X2  =  0 
o  o 

The  first  approximation  is  obtained  from  the  first  and  second 
term 

Xq  =  -e_1(l-M2)M'1  (282) 

For  small  e  the  third  term  is  indeed  negligible.  Writing  again 

X  =  X  +  X  • 
o 


one  finds 

X •  =  e ( 6 2  +  y2 )M2(1-M2 )~2 

the  correction  expressed  by  X1  is  very  small.  The  main  part  Xq 
is  independent  of  6  and  y.  It  is  negative  for  subsonic  and 
positive  for  supersonic  flows,  it  gives  solutions  which  decrease 
or  increase  exponentially  very  quickly  if  c  is  small.  It  is 
controlled  by  a  boundary  condition  at  the  beginning  of  a  subsonic 
region,  or  at  the  end  of  a  supersonic  region.  In  some  form  these 
boundary  conditions  will  appear  also  in  a  discretized  version. 

Regarding  the  exclusion  of  shocks,  we  follow  an  idea  of 
Glowinski-Pironneau  (Reference  5).  They  are  quoted  in  Section 
2.2.4  and  5.2  in  Reference  2. 

One  has  from  conservation  of  mass 

div( pw)  =  0 

This  holds  even  in  shocks,  if  one  interprets  this  equation  in  the 
sense  of  generalized  solutions.  Hence  from  general  vector 
re  la  tion 


p  div  w  +  grad  p 


w 


0 


div  w  =  -grad  (log  p)  •  w 

In  an  accelerating  flow  the  density  decreases  in  the  flow 
direction/  even  in  an  expansion  shock.  Therefore/ 

div  w  >  0 


To  suppress  flows  with  tvo  strong  an  expansion  one  will  postulate 


(div  w  -  c)  <0 

where  c  is  some  nonpositive  constant.  In  the  minimization 
process  this  can  be  included  by  adding  to  the  expressions  J  a 
penalty  function 

' 

c1 (x,y,z) [ (div  w  -  c)+]^dr 
Q 


where 


(div  w  -  c)+  =  supr[0/div  w  -  c] 

and  c^(x/y/z)  is  positive  or  zero.  It  seems  possible  to  choose 
c^  =  0  except  in  the  region  of  an  incipient  rarefraction  shock. 
For  simplicity  one  may  choose  the  threshold  constant  c  zero. 
Whether  this/  or  other  forms  of  biasing  against  expansions 
shocks/  is  preferable  requires  numerical  experimentation.  (Some 
experiences  are  reported  in  Reference  2,  and  it  is  likely  that 
these  authors  have  meanwhile  added  further  studies.) 

The  effect  of  density  modification  can  be  studied  in  the 
one-dimensional  problem.  We  consider  the  flow  through  a  Laval 
nozzle  whose  area  is  given  by 

A  ( x )  =  1  +  x^ 


The  throat  lies  then  at  x  =  0.  The  velocity  vector  has  only  an  x 
component  denoted  by  u(x)/  made  dimensionless  with  the  sonic 
velocity.  For  a  gas  with  ratio  of  the  specific  heat  y  =  1.4  one 


P  =  (1.2  -  0.2u2)2*5 


m  { u  )  =  u  ( 1 . 2  -  0 . 2  u2  )  2  * 5 


With  density  modification  one  has 


P  =  p  +  e 


Actually,  we  have  set 


m  { u  )  = 


m(u)  +  e 


One  has 

e  =  u  e 

In  the  example  we  have  assumed  e  =  const  =  .1.  This  means  that 
we  consider  e  as  changing  with  u.  This  does  not  affect  the 
character  of  the  curves.  Actually  the  value  of  e  chosen  here  is 
too  large  for  practical  purposes.  In  reality  e  will  be  taken 
proportional  to  the  mesh  width  in  the  x-direction.  Here  we  have 
found  the  results  by  integrating  the  resulting  differential 
equation.  This  equation  is  stiff  (because  e  is  small).  The 
velocity  distribution  is  determined  by  the  equation  of 
conservation  of  mass.  One  has  immediately 


Am  =  const  =  A  m 
o  o 
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where  the  constant  represents  the  total  mass  flow.  Then 


Without  density  modification  one  has 


(  283) 


m( u ) A( x )  =  Am 
o  o 


With  the  simple  form  for  A  chosen  above  one  obtains 


x 


Am 
o  o 

m(u) 


(284) 


The  result  shown  in  Fig.  10  is  of  course  familiar.  It  shows  u 

versus  x  for  constant  values  of  Am  =  (Am  ) .  The  curves  Am  =  1 

o  o 

divide  the  area  into  four  quadrants.  The  one  going  from  the 
lower  left  to  the  upper  right  gives  the  transition  from  subsonic 
to  supersonic  at  the  throat  (x  =  0).  Only  for  Am  £  1  does  one 
obtain  a  flow  through  the  muzzle,  for  Am  <  1  it  is  either 
entirely  subsonic  or  entirely  supersonic.  Tne  curves  for  Am  >  1 
have  no  physical  meaning. 


One  can  have  jumps  at  constant  x  in  the  right  half  of  the 
figure  from  the  supersonic  curve  Am  =  1  to  the  subsonic  curve  Am 
=  1.  These  are  shocks  if  one  neglects  the  effect  of  the  entropy 
change.  A  comparison  of  some  such  curves  for  subsonic  flows  with 
the  curves  resulting  from  Eq.  (284)  is  shown  in  Fig.  11.  The 
curves  start  at  the  same  value  of  u  for  the  entrance  cross 
section  x  =  -1.  At  this  point  the  right-hand  side  of  Eq.  (283) 
vanishes  and  du/dx  =  0.  The  curves  have  about  the  same 
cnaracter.  The  deviations  could  be  made  smaller  if  one  would  use 
a  smaller  value  of  e.  In  any  case,  with  boundary  conditions 
given  at  the  left,  modification  of  the  density  gives  a  stable 
procedure  in  the  subsonic  region.  This  is  in  accordance  with  Eq. 
(2b2)  . 


A  more  extended  survey  is  shown  in  Fig.  12.  As  soon  as  the 
curves  reach  the  supersonic  region  (u  >  1),  they  deviate  very 


quickly  from  the  ideal  curves.  There  are  curves  for  which  u 
remains  supersonic  and  increases  until  one  reaches  the  maximum 
possible  velocity.  This  part  is  controlled  by  e  and  not  by  the 
expression  for  c  =  0.  These  are,  of  course,  without  physical 
interest. 

There  is  a  second  set  of  curves  which  leads  with  increasing 
x  to  smaller  velocities.  Once  one  attains  subsonic  velocities 
the  tendency  of  the  curves  to  come  close  to  an  ideal  curve  (shown 
by  Eq.  (282)  )  makes  itself  felt,  and  the  curves  approach  a  smooth 
subsonic  flow.  In  this  manner,  one  obtains  the  picture  of  a 
smoothed  out  shock.  Different  shoe*  locations  are  obtained  by 
varying  the  conditions  at  x  =  -1.  But  the  changes  are  so  small 
that  the  curves  for  different  shock  locations  seem  to  arise  and 
also  terminate  at  one  curve.  One  recognizes  how  the  concept  of 
density  modification  leads  to  the  representation  of  shocks  (in 
smeared  out  form),  expansion  shocks  cannot  arise,  because,  in  the 
subsonic  region  the  term  for  density  modification  does  not  allow 
a  curve  to  "break  away"  from  the  "smooth"  solution. 
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SECTION*  XII 

PROPERTIES  OF  DIFFERENT  METHODS,  AN  OVERVIEV.1 


In  this  section  the  salient  properties  of  the  methods 
discussed  above  are  summarized. 

a.  Sensitivity  of  J  against  short  wave  errors.  The  wave 

length  of  perturbations  is  proportional  to  x  1  .  The  perturbations 

are  assumed  to  be  of  equal  magnitude  in  the  velocities. 

-*•  -4 

w  method  X 

-  -2 

A,  <t>  method  X 

-2 

$ ,  £  method  x 

All  three  methods  give  (in  the  limit  toward  a  small  mesh) 
legitimate  minimization  problems  if  one  uses  a  Br isteau- like 
distance  definition  in  the  function  space. 


b.  Shock  Capturing. 

w  method  not  feasible,  (except  perhaps  in  a  coarse 

grid ) 

A, $  method  feasible 
<j> ,  c  method  feasible 


c.  Shock  Identification. 

w  method  feasible  (and  necessary  after  preliminary 

coarse  grid  steps) 

A ,  <t>  method  feasible 

<t> ,  ^  method  feasible,  (but  expensive  because  of  the 
necessity  of  repeated  evaluation  of  5) 


d.  Accuracy  for  elements  of  the  same  size  and  shape 
functions  of  the  same  character. 

gives  higher  accuracy  than  the  A, 0  and  ♦ , £ 
methods  because  of  the  differentiations 
requires  for  the  determination  of  the 
velocities  and  the  pressures. 


w  method 


e.  Determination  of  J.  (needed  in  the  search  procedure) 

w  and  A,  0  methods  the  determination  of  J  does  not 

require  the  solution  of  a  partial 
differential  equation. 

0,5  method  for  the  determination  of  J  the 

solution  of  a  partial  differential 
equation  is  necessary. 

f.  Multigrid  method  in  conjuction  with  a  simple-minded 
distance  definition. 

w  and  A,<t>  methods  feasible 

0,5  method  not  feasible 

g.  Multigrid  Methods  with  Bristeau-like  metric. 

Feasible  in  all  cases. 

h.  Wake  Capturing. 

Feasible  only  in  the  w  method. 

i.  Evaluation  of  the  inhomogeneous  term  occuring  in  the 
determination  of  the  Gradient  function. 

By  evaluation  of  integrals:  feasible  in  all  methods. 

By  numerical  differentiation:  not  feasible  in  the  0 , 5 

method . 

j.  dumber  of  Poisson  solutions  required  in  the  gradient 
determination. 

Two-dimensional  problems: 

♦ 

w  method  2 

0 , 0  method  2 

0 , 5  method  1 

Three-dimensional  problems: 

w  method  3 

♦ 

A , 0  method  4 

0 , 5  method  1 
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Judging  according  to  the  last  item,  the  $> ,  £  method  mioht 
appear  preferable  to  the  other  possibilities.  However,  each  of 
the  methods  requires  for  the  search  procedure  repeated  evaluations 
of  J,  and  for  the  <t> ,  K  method  this  entails  the  repeated  evaluation 
of  £  by  means  of  a  Poisson  solver.  One  might,  therefore,  consider 
the  w  method  as  preferable,  although  it  is  not  well  suited  for 
shock  capturing.  It  is  an  advantage  of  the  w  method  that  one  can 
use  larger  elements  if  one  wants  to  attain  the  same  accuracy  as 
with  other  methods.  This  may  compensate  for  the  additional  labor 
of  identifying  the  shock  position. 

Of  course,  numerical  experimentation  may  uncover  points  of 
view  which  invalidate  these  conclusions. 


SECTION  XIII 


LINEARIZED  SUPERSONIC  FLOW  TREATED  IN 
DISCRETIZED  FORM  BY  THE  BRISTEAU  METHOD 

In  the  next  two  Sections  the  discretized  treatment  of  a 
supersonic  flow  linearized  for  the  vicinity  of  a  parallel  flow 
will  be  investigated.  This  investigation  was  initiated  in  order 
to  see  how  the  method  works  in  an  example  which  does  not  seem  to 
be  particularly  well  suited  for  residual  minimization.  Beyond 
this,  one  may  draw  some  inferences,  although  not  quite  directly, 
for  the  behavior  of  solutions  in  a  supersonic  region  embedded  in  a 
subsonic  flow  and  also  for  time-dependent  problems.  The  procedure 
has  some  similarity  with  the  derivation  of  von  Neumann  stability 
conditions,  except  that  here  the  results  arise  from  a  global 
formulation.  The  examples  will  show,  that  artificial  damping  is 
not  always  necessary. 

One  may  think  of  two  realizations  of  a  discretized  method  of 
residual  minimization.  In  the  first  one  one  would  start  with  the 
discretized  flow  equations  and  apply  to  them  the  idea  of  residual 
minimization.  Here  one  solves  the  flow  equations  in  the 
discretized  form,  and  the  stability  is  of  course  determined  by 
these  equations?  the  method  by  which  they  are  solved  is 
immaterial.  Alternatively  one  may  first  express  the  functional  J 
in  a  discretized  form,  for  instance  by  means  of  a  finite  element 
representation  of  the  dependent  variables  and  afterwards  minimize 
J  by  choosing  the  parameters  which  determine  it.  There  should  not 
be  significant  differences  between  the  two  approaches  especially 
for  long  waves,  but  in  a  supersonic  flow  small  modifications  may 
still  cause  a  transition  from  a  procedure  which  is  neutrally 
stable  to  one  which  is  unstable.  Even  the  second  formulation 
will,  however,  be  compatible  with  expansion  shocks?  some  measure 
which  discriminates  against  expansion  shocks  will  always  be 
necessary . 

One  needs  particular  solutions  suited  to  solve  well-posed 
boundary  value  problems.  In  a  supersonic  flow  one  must 
differentiate  between  upstream  and  downstream?  one  has  in 


particular  an  entrance  cross  section,  and,  because  of  the  global 
nature  of  the  residual  minimization  procedure  an  exit  cross 
section.  These  are  boundaries  of  a  space-like  character.  Usually 
one  has  also  conditions  along  side  walls  of  a  time-like  character, 
but  for  the  present  work  they  will  be  replaced  by  periodicity 
conditions . 

We  shall  consider  the  linearized  problem,  that  is,  small 
perturbations  of  a  supersonic  parallel  flow  with  an  angle  9  of  the 
velocity  vector  with  the  x-axis.  The  problem  is  treated  in  a 
finite  element  approach  with  rectangular  elements  oriented  in  the 
x  and  y  directions.  The  element  dimensions  are  Ax  and  Ay.  A 
simple  situation  arises  if  0  =  0;  the  flow  is  aligned  with  the 
grid  system.  A  well-posed  problem  is  then  obtained  if  the 
entrance  and  the  exit  cross  section  are  given  by  lines  x  =  const. 
This,  however,  is  too  special  to  be  instructive.  We  shall  allow 
for  the  following  situation.  Beside  the  x,y  system  we  introduce  a 
Cartesian  system  c,n  in  which  the  C-axis  is  aligned  with  the 
velocity  vector.  Moreover,  the  entrance  and  exit  cross  section 
(assumed  to  be  straight  lines  parallel  to  each  other)  need  not  be 
perpendicular  to  the  x-  or  to  the  C-axis.  The  normal  to  these 
cross  sections  forms  an  angle  v  with  the  x-axis.  We  introduce  a 
third  Cartesian  system  where  the  C^-axis  has  the  direction 

normal  to  the  entrance  and  exit  cross  section.  Since  these  cross 
sections  must  be  space-like  one  has 

|(v-6)|  <  (n/2)  -  a 

where  a  is  the  Mach  angle  (sin  a  =  M-^ ) .  One  has  the  following 
relations 


£  =  x  cos  9  +  y  sin  0 
n  =  -x  sin  6  +  y  cos  9 


(285) 
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K  cos(v-e)  +  n  sin(v-9) 


(286a) 

=  -5  sin(v-e)  +  n  cos(v-e) 

5  =  5^  cos(v-e)  -  x\  sin  (v-9) 

(286b) 


n  =  5^  sin(v-e)  +  cos(v-e) 

=  x  cos  v  +  n  sin  v 

(  287) 

=  -x  sin  v  +  n  cos  v 

Exact  particular  solutions  are  most  readily  expressed  in  the  £,n 
system,  viz 


$  =  $  exp(  iu(cos 


sin  a  +  n  cos  a) 


Hence , 


with  Eqs.  (285)  and  (286a) 

$  =  <t>  exp(iu(cos  a)  1(-x  sm(9+a)  +  y  cos(o+a)) 


(  288) 


and 


$  =  *  exp(iu(cos  a)  ^(-^  sin(e-v  +  a)  +  ( cos ( 9-v+a ) )  (289) 

The  signs  in  Eqs.  (288)  and  (289)  must  be  used  consistently. 
The  upper  and  lower  signs  give,  respectively,  right-  and  left¬ 
going  single  waves.  We  shall  try  to  find  particular  solutions 
corresponding  to  such  single  waves. 

The  exact  solutions  are  actually  sinusoidal  in  any 
direction.  To  be  able  to  satisfy  arbitrary  initial  conditions 
along  the  entrance  cross  section  given  by  =  const,  the 
particular  solutions  must  be  sinusoidal  in  the  n ^  direction,  also 
in  the  discretized  treatment,  one  cannot  guarantee  that  after  tne 
discretization  the  solutions  will  be  sinusoidal  also  in  tne 
direction,  but  they  will  be  of  course  expressible  in  terms  of 


exponential  functions.  We  try  to  find  solutions  of  the  form 
(Eq.  (289)) 

♦  —  ♦  explifw^j^  +  u^n i )  )  (290) 

where  is  real.  The  computation  is  carried  out  in  the  x,y 
system.  With  Eq .  (287),  the  last  expression  transforms  into 

♦  =  $  exp( iw^x  +  <*>4y)  (291) 

with 

=  o)^  cos  v  -  u>2  sin  v 

(292) 

a).  =  w,  sin  v  +  w_  cos  v 
4  1  2 

The  computation  will  give  a  relation  between  and  and 

may  be  complex,  in  principle  at  least).  For  solutions  of  interest, 
one  has  the  requirement  that 

=  -w3  sin  v  +  u>4  cos  v  (293) 

is  real . 

The  Bristeau  method  uses  simultaneous  two  variables,  namely 
♦  and  c  connected  by  the  equation 

AC  =  div  m(grad  $)  (294) 

This  equation  is  treated  by  postulating 

(l/2)j(grad  C  -  m(grad  *))^dx  =  Min 

a 

Here  the  function  that  is  to  be  varied  is  C-  This  leads  to 

[(grad  C  -  m(grad  $))*<5(grad  C)dx  =  0  (295) 


The  functional  J  is  expressed  in  terms  of  C  (see  Section  V) . 
The  postulate  that  under  variations  of  *  the  functional  J  is 
minimized  leads  to  the  condition 


j  grad  £  •  (M6  grad  $)dt  =  0 
(2 


(296) 


The  matrix  M  is  defined  in  Eq.  (33).  In  the  coming  discussions  we 
shall  write  N  instead  of  M  and  reserve  M  for  the  Mach  number.  We 
consider  the  linearized  form  of  N  under  the  assumption  that  the 
flow  direction  forms  an  angle  with  the  x-axis.  Then  one  has  for  a 
two-dimensional  flow 


((1-M2  cos2  e) 
-M2sin  8  cos  0 


-M  sin  0  cos  8 


(1-M2  sin2  0) 


(297) 


Eq.  (296)  is  subject  to  boundary  conditions  which  ensure  that 
£  i  0.  This  important  simplification  occurs  in  the  discretized  as 
well  as  in  the  nondiscretized  formulation.  In  other  approaches  a 
corresponding  simplification  will  not  be  encountered.  Eq.  (295) 
therefore  simplifies  to 

.  f 

m(grad  $)  •  5  grad  £  dx  =  0  (298) 

n 


For  the  linearized  case  considered  here  one  then  obtains 

(N  grad  $)  •  6  grad  C  dx  =  0 
ft 


It  is  natural  to  represent  $  and  £  by  the  same  shape  functions. 
Writing  the  matrix  N  in  detail  and  replacing  6  grad  $  by  the  shape 
function  x  (defined  later)  one  obtains  from  the  last  equation 


k 


6  x  dxdy  +  a„  ♦  X  dxdy  +  a_ 

yx*mn/x  1  2  J  y*mn,x  1  2 

Q 


♦  X  dxdy 

x*mn,y  1 


(299) 


+  a. 


$  X  dxdy  =  0 

yAmn,y  J 


with 


a^  =  ( l-M2  cos2  e) 

2 

a2  =  -M  sin  0  cos  0  (300) 

a^  =  ( 1-M2  sin2  0) 


We  assume  that  the  element  boundaries  form  a  rectangular 
grid  oriented  in  the  x  and  y  directions.  The  grid  points  are 
numbered  by  two  subscripts  (usually  m  and  n) ,  the  first  one  for 
the  x  and  the  second  one  for  the  y  direction.  The  grid  spacings 
are  denoted  by  ax  and  Ay.  The  elements  are  given  the  numbers  of 
the  grid  point  at  the  lower  left.  In  the  present  examples  we  use 
bilinear  shape  functions.  The  shape  parameters  are  the  values  of 
4  at  the  grid  points.  The  value  of  +  at  a  grid  point  (m,n)  is 
denoted  by  $  .  The  shape  function  x  is  bilinear  in  the 
elements  surrounding  the  point  (m,n)  otherwise  is  zero. 

Therefore,  one  has 


xmn 

xmn 

Xmn 

xmn 


(x,y) 
( x ,  y ) 
(  x  ,  y ) 
(  x  ,  y ) 


ix-hy'hx-x^jHy-y^p 
-Ax-14y-1(x-xm+1) (y-yn_j ) 

4  x"1  “y” 1 1  x-x„,+1 )  ( y-ym+1  > 

-Ax“1Ay“1 { x-xm-1 ) (y~yn+1 ) 


in  the  element  (m-l,n-l); 

in  the  element  (m,n-l); 

(301) 

in  the  element  (m,n) 
in  the  element  (m-l,n) 


x  (x,y)  =  0  everywhere  else. 

m  n  — 


Then  one  has  as  representation  of  *(x,y)  in  the  element  (m-l,n-l) 


4>(x,y)  =  4>  ,  _  ,  X_  Xm  ,  „ 

m-1 , n-1  m- 1 ,  n- 1  m— l,n  m— l,n 

m,n-l  ''m,n-l  m,n  Am,n 

As  mentioned  above*  the  are  the  shape  parameters.  The 

dependence  upon  x  and  y  enters  through  the  shape  function  xv- 
Corresponding  expressions  arise  for  the  other  elements  surrounding 
the  point  (m/n).  One  finds  for  the  integrals  occurring  in 
Eq.  (299) 


*  X  dxdy  = 

x  ran ,  x  1 


-(2/3)* 

-(l/6)» 


m-1 , 

n-1 

+  ( 1/3  )  %,  n_i 

- ( 1/6 ) *m+i , n_i 

m-1 , 

n 

+(4/3>* m,n 

- ( 2/3) *m+i , n 

m-1 , 

n+1 

+ ( 1 /3 ) %,n+j 

—  ( 1/6 )  %+i ,  n+i 

♦x«mn,y  dxdy  *  jVmn,xdT  = 


(302) 


(303) 


“ <  3/4>  ‘m+l .  n+1 3 

4yxmn,  y  dxd*  = 

Ux/iyMXl/e).  -(2/3)%, n_!  -d/«)  n-1 


+(1/3) *m_i, n  +( 4/3 ) *m  „  +(l/3)»m+1,n 

-(1/6) +m-l , n+!  '<2/3>Vn+l  " < 1 '  * >  ‘m+l , n+1 3 


(304) 


By  substituting  these  expressions  into  Eq .  (299)  one  obtains 
relations  between  the  shape  parameters  but  this  substitution 

is  postponed. 

We  set  in  accordance  with  Eq .  (291) 


=  *  exp(i(u,mAx  +  w„nAy) 


(305) 


where  4  is  a  constant.  One  obtains  by  substitution  into 
Eqs.  (302)/  (303),  and  (304) 


*xxmn,xdxdy  =  ♦  exp(  i(  mui3&x  +  u>4&y)) 

a 

(  Ay/Ax)2  (l-cos(  u>3  Ax)  )  (  (2/3  )  +  ( 1  /3  )  cos (  Ay )  ) 

f 

«  x  dxdy  =  ♦  x  dxdy  = 

x  mn,y  1  y  mn,x  7 

a  a 

*  exp(i(mw3Ax  +  u>4  Ay )  )  s  in (  w3  A x  )  s  in  (  Ay ) 

^y  Xmn ,  y  dxdy  =  *  exP( * ( mu3 &x  +  «*>44y) 

a 

( Ax/Ay ) 2 (  (2/3 )  + ( 1 /3 ) c os ( w3  A x )  )( 1-cos ( Ay )  ) 


(306) 


(307) 


(308  ) 


At  the  moment  one  does  not  know  whether  ti>3  and  will  be 
real.  One  obtains  by  substitution  into  Ea.  (299) 


a3  (  Ay/Ax)  (l-cos(  a>3  Ax)  )  (  (4/3  )  +  (2/3  )  cost  Ay ) 

+  2a2  sin(  w3Ax)sin(o)4Ay)  (309) 

+  a3  (  Ax/Ay )(  (4/3  )  +  ( 2/3  )  cos (  u>3  ax  )  ( l-cos(  u>4  Ay )  =  0 

2 

For  given  M  ,  e.  Ax,  Ay,  and  real  u>4 ,  one  can  solve  this  equation 
in  the  following  manner.  Let 


exp(iw3Ax)  =  r  (310) 

Then  one  obtains 

a^  (  Ay/Ax)  (  (2/3)  +  ( 1  /3  )  cos  (  u>4  Ay )  (  ( -  r” 1  +2  -  r) 

+  sin(ui^Ay)  {-ir  ^  +  ir) 

+  a3( Ax/Ay) (l-cos(w4Ay) )  ((l/3)r-1  +  (4/3)  +  (l/3)r) 


This  is  a  quadric  equation  for  r  of  the  form 


(a  +  ib)r  +  2cr  +  (a-ib)  =  0 


Then 


r  =  (a  +  ib)  ^{-c  +  (c2  -  (a2  +  b2)) 


For 


2 

a 


+  b 


2 

c 


>  0 


one  has 


r  =  (a  +  ib)-1(-c  ±i(a2  +  b2  -  c2)1 


Therefore 


|r|  =  1 


It  follows  from  Eq.  (310)  that 

2  2  2 

real  for  a  +  b'  -  c  >  0. 


Let 


^1  =  ai^2/3^  +  ( 1/3  )  cos  (  u>4  Ay )  ) 

a2  =  a2  sin<u4iy) 

a  =  a  (1/3) (1  -  cos(u  iy)) 


Then  one  has 


a  =  -(Ay/Axja.^  +  (  Ax/  Ay )  a  ^ 

b  =  +  a2  (313) 

c  =  (Ay/Ax)a^  +  (Ax/Ay)2a^ 

Then  from  the  inequality  (Eq.  (311)) 

(-(Ay/Ax)a1  +  (Ax/Ay)a3)2 

+  a22  -  ((Ay/Ax)a1  +  (Ax/Av)2a3)2  >  0 

Hence 

(Ax/Ay)2  <  (  a2  2  -  6a  ^  a^ )  /  (  3a^  2  )  (3.14) 

Thus,  Eq.  (314)  gives  a  limit  for  the  ratio  (Ax/ Ay)  for  which 
is  real.  If  this  condition  is  not  satisfied,  then  there  is  always 
one  solution  for  which  |r|>l,  because  the  product  of  the  two  roots 
r  is  qiven  by  (a  -  ib)/(a  +  ib)  and 

|(a  -  ib) /( a  +  ib)|  =  1. 

This  discussion  can  be  carried  further  for  e  =  0.  Then  one 
obtains 


(  1-M2  )  (  Ay/ Ax  )  (  (  2/3  )  +  ( 1 /3  )  cos  (  Ay)  )  ( -r  1  +  2  -  r) 

+  ( Ax/ Ay ) ( 1  -  cos ( u4 Ay ) ) ( ( 1/3) r-1  +  (4/3)  +  (l/3)r) 


Then  r  depends  only  upon 

(|^)(M2-l )1/2  -  Cr"1  (315) 


where  Cr  denotes  the  Courant  number  of  the  mesh.  The  limit  for 
the  mesh  ratio  is  given  by 

(Ax/4y)2  (M2-l)(4  +  2  cos(  t^Ay) /(  1  -  cos(u>4Ay)) 

With  the  definition  Eq .  (315)  one  can  write 

Cr2  <  (4  +  2  cos ( u4&y) )/ ( 1  -  cos(w4&y))  (316) 

This  limit  for  the  Courant  number  ranges  from  <*>  for  (u>Ay)  =  0, 
over  2  for  (o^Ay)  =  (  tr  /  2 )  to  1  for  Ay  =  it.  One  has  a  stable 
scheme  if  the  mesh  ratio  is  sufficiently  small,  so  that  no  special 
measures  as  upwinding  or  density  modifications  are  necessary. 

2 

For  o=0  and  Cr  =  1,  a^  =  - ( M  -1),  a^  =  0,  a^  =  1  and  one 
obtains  from  Eq.  (309) 

-(1  -  cos  (  u3  Ax)  (  (4/3)  +  (  2/3  )  cos  (  id4  Ay)  ) 

+  (4/3)  +  (  2/3)  cos  (  oi3  Ax  )  ( 1  -  cos(w4Ay))  =  0 

This  is  obviously  solved  by 

w3Ax  =  ±u>4Ay 

Hence  (since  Cr  =  1), 

_  +  ,„2  . .-1/2 
u>3  =  ±w4(M  -1) 

The  expression  ( Eq .  (305)  then  assumes  the  form 

*nn  =  £(  exp  ( i  «4  (  ±  ( M2-l )  )  ^2  mAx  +  nAy) 

At  the  mesh  points  one  therefore  obtains  the  exact  solution. 


SECTION  XIV 


LINEARIZED  TWO-DIMENSIONAL  SUPERSONIC  FLOWS 
TREATED  BY  THE  * , *  METHOD 


The  nondiscretized  problem  is  discussed  first  to  provide  a 
guide  for  the  results  of  the  discretized  procedure.  The 
expression  to  be  minimized  in  the  two-dimensional  case  is  given  by 


J 


(1/2) 


( m( grad  * ) 


■*  \  2 

e  *  +  e  *  )  dxdy 

x  y  y  x 


As  in  the  preceding  section. 


m(grad  *)  is  replaced  by 


/(1 

N  grad  0  =  I 

V"2 

Thus  one  has 


«2  2  » 
m  cos  e) 

sin  6  cos  8 


u2 

-M  sm  8  cos 
1  -  M2  sin2  8 ) 


J  =  (1/2) 


{[(1  -  M2  cos2  8)0  -  (M2  sin  8  cos  8)0  -  <|>  ]‘ 

x  y  y 


n 


(317) 


+  [-(M2  sin  e  cos  6)  +  (1  -  M2  sin2e)i()y  +  *x]2}dxdy 


The  terms  in  the  brackets  are  the  residuals.  One  obtains  as  Euler 
equations  arising  from  the  variation  of  $ 


((1  -  M2  cos2e)-|—  -  M2  sin  8  cos  8  -|— ) 


[(1  -  M2 

2 

COS  8 ) *x  - 

M2  sin 

8 

cos 

9  *  -  4*  ] 

y  y 

(318) 

+  (-M2 

sin  8  cos 

0  —  + 
3x 

(1 

-  M2 

sin2  8)-|“ ) 

3y 

[-M2 

sin  8  cos 

8  *  + 

X 

(1 

-  M2 

2 

sine)*  +  ♦  '  ]  =  0 

y  * 
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and  from  the  variation  of  4* 


3  2  2  2 

— — t  ( 1  -  M  cos  6 >  4>  -  (M  sin  e  cos  e)  $  -  *  ] 

3y  x  V  V 


3  2  2  2 

+  —  [-(M  sin  e  cos  0 )  ^  +  (1  -  M  sin  e)  $  +  ]  =  0 

9x  x  y  x 


(319) 


At  the  moment  we  assume  that  the  entrance  and  exit  cross  sections 
are  lines  x  =  0  and  x  =  L  and  that  the  solution  is  sinusoidal  in 
the  y  direction.  (In  part  of  the  further  analysis  this  condition 
will  not  be  imposed.)  One  then  obtains  as  boundary  terms 


{(1  -  M2  cos20)[(l  -  M2  cos2  6)  $x  -  (M2  sin  6  cos  0)$^ 

2  2 
-  M  sin  6  cos  6  [-(M  sin  0  cos  0)$ 


0  ] 
y 


x  =  L 


2  2 

+  (1  -  M  sin  6)  0  +  Hi  ]  HH* 

y  ^ 


=  o 


x=0 


and 


2  2  2 
[-(M  sin  0  cos  0)  <( +  (1  -  M  sin  0)  +  4»x ]  6 ♦ 


x=L 


x=0 


=  0 


For  the  entrance  cross  section/  x  =  0  /  $  and  are  prescribed/ 
therefore/  6*  =  fiHi  =  0.  At  the  exit  cross  section/  x  =  L,  no 
conditions  are  prescribed  in  the  original  flow  equations  6$  and  6i|i 
are  different  from  zero.  Therefore/  the  residuals  (given  in  the 
last  equation  by  the  terms  in  brackets)  must  vanish. 

The  Euler  equations  will  certainly  be  satisfied/  if  the 
residuals  vanish  everywhere. 


(1  -  M2 

2  2 
cos  0 )  $  -  (M  sin  e 

cos  9) $ 

Hi 

=  0 

X 

y 

y 

2 

- ( M  sin 

2 

0  cos  0 ) $  +  ( 1  -  M 

V 

2 

sin  0  )  4>  + 

\r 

* 

=  0 

Particular  solutions  are  best  obtained  in  the  £ ,  n  system 
(introduced  in  Section  XIII)  for  which  the  £-axis  is  aligned  with 
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the  flow  direction.  The  transformed  equations  are  obtained  simply 
by  setting  6  =  0  in  the  last  equations 

(1  -  ) $  £  -  4  n  =  0 
♦n  +  =  ° 

A  slight  simplification  arises  if  one  sets 

2  1/2 

S  =  £(M  -  1)  -  C  cot  a;  n  =  n 

#(  5 ,  n)  =  <t> (  £,  n) 

*(  5,  n)  =»  <M2  -  1  )1/2*(  {,n) 

This  yields 

♦5  +  *n  =  0 
♦n  +  =  0 

with  the  obvious  particular  solutions 

♦  =  exp(  iu(  +  ?  +  ti)  ) 

41  =  ±exp  (  i  <*>(  + 1  +  n)  ) 

These  expressions  can,  of  course,  be  transformed  back  into  the  x,y 
system.  These  are  not  the  only  particular  solutions  that  are 
periodic  in  the  n  direction.  In  the  n  system  the  complete  Euler 
equations  are  given  by 


Again  the  coordinates  C  and  n,  and  the  dependent  variables  $  and  ^ 
are  introduced.  One  obtains 


( M  -  1 )  v ,  -  +  v0  -  =  0 
1 ,  5  2  ,  n 


( M  -  l)v.  -  +  v-  -  =  0 
•  n  2,5 


(  320) 


with 


v 


1 


v 


2 


(  321  ) 


2 

One  may  be  surprised  by  the  occurrence  of  the  factor  (M  -  1)  in 
these  equations.  It  can  be  eliminated  by  assigning  in  the 
definition  of  the  functional  J  different  weights  to  the  5  and  n 
direction.  Such  an  adjustment  is  not  made  here,  because  it  cannot 
be  made  in  a  more  general  setting.  The  functions  v1  and  v2  are 
the  residuals. 


With  constants  of  integration  c 1  and  c2  ,  one  obtains 


\ 

<  1  \ 

II 

0 

t— ' 

V«2  -  J 

exp  (  i  w(  - 1  +  n)  )  +  c2 


exp  (  i  uj(  5  +  n)  ) 


~ ( M  -  l)y 


This  shows  that  there  will  be  particular  solutions  of  the  Euler 
equations  for  which  the  residuals  do  not  vanish.  With  Eqs .  (321) 
one  ther  obtains 


=  c  exp(iw<-5  +  n))  + 

C  n  1 

=  C.(M2  -  1 )  exp  (  i  w(  -  5  +  n)) 


c2  exp(  i  u> (  5  +  n)  ) 
c  _  ( M 2  -  l)exp(iu(C  +  n)  ) 


Particular  solutions  which  are  periodic  in  the  n  direction  are 
found  by  setting 


/♦(  l,  n) 

\1»(  C,  n) 


/  <>(  5) 
\*(  C) 


e  xp  (  i  at  n ) 


One  obtains  a  system  of  ordinary  differential  equations  for  $( O 
and  i(5).  The  general  solution  is  given  by 


♦  (  r\] 

1>( 1,  n) 


(322) 


+ 


(M2/2)£  exp(  i  <*)(-?  +  n)  +  c2i((M2  -  2)/4w)exp(i  u(1  +  n) 
^_^j(c1i((M2  -  2)/4u)exp(iai(-C  +  n)  +  c2(M2/2)s  exp(iw(C  +  n)  ) 
+  c3Q)exp(  i  u(-S  +  n))  +  c^^jexp(  i  u»("c  +  n)  ) 


The  boundary  conditions  at  an  exit  cross  section  given  by  a  line 
5  =  const  are  satisfied  if  c^  =  c2  =  0;  then  only  the  solutions  of 
the  linearized  flow  equations  (with  constants  c^  and  c^  are  left). 

If  the  exit  cross  section  has  a  different  orientation,  one  will 
first  determine  particular  solutions  which  are  periodic  in  the  1 
direction.  They  will  then  contain  terms  n  exp(i<n(  +  5  +  n)  .  By 
linear  combinations  with  the  expression  (Eq.  (322))  one  then  can 
generate  solutions  which  are  periodic  in  an  arbitrary  direction. 

By  imposing  conditions  at  an  exit  cross  section  one  will  always 
suppress  particular  solutions  except  for  those  of  the  original 
flow  equations. 

The  occurrence  of  terms  5  exp(iu>(  +  £  +  n))  or  n  exp(iw(+‘t  +  n)  ) 
is  indicative  of  the  confluence  of  particular  solutions  with 
slightly  different  values  of  w.  In  the  discretized  case  one  will 
have  only  incipient  confluence,  but  the  awareness  of  this  state  of 
affairs  will  be  helpful  in  the  treatment  of  results. 
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The  discretized  treatment  starts  with  Eq.  (317). 
Introducing  again  the  expressions  (Eq.  (300)) 

2  2 

a  ^  =  ( 1  -  M  cos  e ) 

2 

a2=~M  sin  6  cos  6 
a^  =  (1  **  M ^  sin^e) 

one  has 

J  =  (l/2)j{[a,$x  +  a  2  ^  y  -  ]  2  +  t  a  2  4»  x  +  a34>y  +  |l'x)2}dxdx 

n 

or 

f  2  2 

J  =  (1/2)  {(b,$  +  b.$  +  2b^$  $  +  2b  4>  41  +  2 b c 4>  ^ 

J  lx  2  y  3  x  y  4  x  x  5  y  x 

n 

2  2 

+  2b64>x*y  +  2b7$y4iy  +  *x  +  ♦y  )dxdx 

with 


b i  a ^  a 2  <  b2  a2  a  3  f  ^3  ^  2  ^  ^  1  a  3  ) 

b^  =  a 2 '  ^5  =  a 3  •  ^5  =  ~a 1 r  ^7  =  — a 2 

Now  independent  variations  of  $  and  4/  are  applied.  41  and  4*  are 
represented  by  the  same  shape  functions  xmnr  chosen  as  in 
Section  XIII.  One  obtains  by  varying  41 


^  bl*  xxmn  ,  x 


t>  _4>  x 

2  y  mn  ,y 


+  b  ( 4  x 

3  ’x*mn ,y 


+  41 


yx  mn  ,  x  ^ 


b  ,.4>  x 

4  x  mn  ,  x 


+  l35^x)(mn,y  +  ^6^yxmn,x  +  k7$mn>y^xc^y  ~  ^ 


(  323 


and  by  varying  <|i 


( b  „♦  x  +  b_$  x  +  b,$  x  +  b_$  x 
4  x  mn,x  5  yAmn,y  6  x*mn,y  7  y*mn,y 


(  324  ) 


+  41  x  +  ^  x  )dxdy  =  0 

x  mn,x  y  mn,y 


The  expressions  for  the  integrals  are  found  in  Eqs.  (302),  (303), 
and  (304).  The  expressions  with  y  are,  of  course,  given  by  the 
same  formulae.  Next,  one  writes  in  analogy  to  Eq.  (305) 


expfimw^Ax  +  inw^Ay) 


(  325  ) 


where  <i>  and  are  constants.  As  in  Eq.  (292) 


w  ^  =  “  i  cos  v  -  <d  £  sin  v 

(  326  ) 

id.  =  id  ,  sin  v  +  to  _  cos  v 
4  1  2 

where  id  2  is  real. 

Substituting  the  expressions  for  the  integrals  given  in 

Eqs.  (306),  (307),  and  (308)  into  Eqs.  (323)  and  (324)  one  obtains 

two  homogeneous  equations  for  $  and  £  with  coefficients  which  are 

2 

expressed  in  terms  of  given  quantities  M  ,  Ax,  Ay  and  in  terms  of 
id  ^  and  w  ^ .  The  latter  expressions  are  expressed  by  Eqs.  (326  )  in 
terms  of  id  ^  and  id  where  id  2  can  be  considered  as  known. 

The  determinant  of  this  two-by-two  system  for  ♦  and  *  must 
vanish.  This  gives  ultimately  an  equation  for  id  ^  which  must  be 
solved  numerically.  One  will  proceed  as  follows.  For  given  id  2 
and  assumed  id  j  one  determines  id  ^  and  id^.  To  evaluate  the 
integrals  one  sets 


r,  =  exp(  iw4Ay) 

(  327  ) 

r  2  =  exp  (  iw  ^A  x  ) 
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Except  for  some  common  factors/  one  obtains  from  Eqs.  (306), 
(307)/  and  (308)  expressions 


Ix  =  ( Ay/ Ax ) [ (2/3 )  +  (1/6 ) (r^1  +  rx ) ]  [ 2  -  r"1  -  r2] 

12  =  (1/4 ) Or"1  +  r1] [r”1  -  *  21  (328) 

13  =  (Ax/ Ay ) [ 2  -  r”1  -  r j ] [ ( 2/3 )  +  (l/6)(r~1  +  r2>] 

Substitution  into  Eqs.  (323)  and  (324)  then  gives  the 
following  system  of  equations 


/<bi*i  +  baJ3  +  <b4Ii  +  +  b7<13) 

\^4^1  +  (b^+bg)I2  +  ^7^3^  ^l+^3^ 


0  (329) 


The  postulate  that  the  determinant  vanishes  gives  an  equation  from 
which  the  assumed  quantity  is  determined.  The  roots  so  found 

are  noted  by  u  ..  (The  pertinent  vectors  will  be  denoted  by 

«.  ..  +  1 3 

('Oj/4'j)  or,  for  brevity/  by  $K.)  Regarding  the  roots  we  make  the 
following  observation.  Assume  that  the  discretized  problem  has 
been  solved  for  a  fixed  set  of  basic  parameters.  Then  one  has  for 
some  real  w2  a  complex  value  for  which  the  determinant  of  Eqs. 
(329)  vanishes.  Assume  now  that  is  replaced  by  its  conjugate 
comple  w*.  Then  by  Eqs.  (236)  u>3  and  are  replaced  by  u>*  and 
w* ,  and  by  Eq.  (327)  r^  and  r2  are  replaced  by  exp(iw*Ay)  and 

exp(iw*Ax).  Writing  exp(iw^Ay)  in  the  form  exp(i(Re  ui  -  Imu>.)Ay) 

J  4  _1*  4  _1*  4 
one  recognizes  that  r^  and  r2  are  replaced  by  r^  and  r2 

Because  of  the  special  form  in  which  r^  and  r2  occur  in  the 

expressions  I^z  I2/  and  I Eqs.  (328)/  these  expressions  are  then 

replaced  by  IJf  and  1^.  Finally/  the  determinant  of  Eqs. 

(329)  is  replaced  by  its  conjugate  complex:  if  it  vanishes  in  the 

original  form/  it  will  also  vanish  if  is  replaced  by  w* .  It 

follows  that  to  each  value  of  r^  or  r2  which  solves  the  problem/ 

there  exists  a  second  "root"  r^  and  r2  /  r^  has  the  same 
argument  as  r^ /  but  its  modulus  is  replaced  by  its  reciprocal. 


The  values  of  $  and  i,  for  which  Eqs.  (329)  are  solved  are  also 
replaced  by  their  reciprocals. 

For  v  =  0  (the  only  case  investigated  numerically  in  this 
report)  =  u>2  (see  Eq.  (326))  is  known,  and  «3  =  '  only  r2 » 

now  denoted  by  r,  is  then  unknown.  Then  the  expressions 
(Eqs.  (328))  assume  the  form 

Ij  =  c^-r"1  +  2  -  r) 

12  =  ic3(r-1  -  r)  (330) 

13  =  c2(r-1  +  4  +  r) 

with 


cl  =  (Ay/Ax)  [(2/3)  +  (l/3)cos(«i»2Ay)  ] 

c2  =  (1/3 )( Ax/Ay ) [1  -  cos ( w2 Ay )  (331) 

c3  =  (l/2)sin  a^Ay 

Substituting  this  into  Eqs.  (323)  and  (324),  one  obtains 
[d1(-r~1  +  2  -  r)  +  d2(r-1  +  4  +  r)  +  c^Kr-1  -  r)]i 


(332) 


+  [d„(-r  1  +  2  -  r)  +  d, ( r  *  +  4  +  r)  +  dc i ( r  *  -  r)]i  =  0 

4  Do 

and  a  second  equation  with  the  d^'s  replaced  by  e^'s.  Here 


^1  ^2  ^2  C2  '  ^3  —  ^b3  C3 '  ^4  ~  ^4C1/ 


d5  =  bl C2 '  d6  =  (b5  +  b6)c3 


el  b4Cl#  e2  ~  b7C2'  e3  =  ^ b5  +  b6^C3' 


(333) 


®4  ’  Cl'  e5  C2 '  6 6 


0 


(334) 


Ordering  the  terms  with  respect  to  powers  of  r,  one  obtains 


-1 


(f^-"  +  f2  +  f3r)  (f4r  +  f5  +  fgr) 


-1 


_  1 


<(g^r  +  g2  +  Q2r)  (g4r  +  95  +  g6r) 


=  o 


with 


fl 

•o 

i 

ii 

+ 

d  2  +  id3 

,  f2  -  2d. 

+ 

4d  2 

f3 

=  -dl 

+ 

d  2  -  id  3 

-  f4  =  'd4 

+ 

d  ^  +  id 

f  5 

"  2d4 

+ 

4d5 

'  £6  =  -d4 

+ 

d  ^  -  id 

(  335  ) 


The  expressions  for  the  coefficients  arise  by  replacing  the 


f.'s  by  g.'s  and  the  d  's  by  e  's.  The  requirement  that  the 
3  3  K  K 

determinant  vanish  gives  a  fourth  degree  equation  in  r. 


A.r4  +  A,r3  +  A_r2  +  A,r  +  A  =  0 
4  3  2  1  o 


(  336) 


Here 


A.  = 


f3g6  ~  g3f6 


A  _  = 


(f3g5  +  f2g6}  ”  (g3f5  +  g2f6) 


2 

A, 

± 

A, 


(f3g4  +  f2g5  +  flg6)  "  (g3f4  +  g2f5  +  glf6) 
(f2g4  +  flg5)  "  (g2f4  +  glf5) 
fj94  -  f49j 


(  337  ) 


In  the  computations  one  must  evaluate  the  a^'s,  b^'s...g^'s  ,  and 
the  coefficients  of  the  last  equation.  Then  a  root  finding 


routine  can  be  applied.  The  four  roots  obtained  are  denoted  by  r 


and  the  corresponding  vectors  ($  )  by  n  ^  . 


The  general  solution  is  then  given  by 

4 


fl  =  exp ( inw A  y  )  £ 


.  m 
n  .  r  . 


(  338  ) 


For  9=0  one  expects  to  find  some  further  simplification, 
because  of  the  ensuing  symmetry  of  the  solution  with  respect  to 
the  x-axis.  A  closer  examination  shows,  indeed,  that  one  can 
split  the  fourth  degree  equation  into  two  second  degree  equations. 
First  one  evaluates  an  intermediate  variable,  v  =  ( r~J'  +  r). 

Having  found  values  of  v,  one  can  compute  r.  There  is  little 
point  in  using  this  simplif ication  unless  the  entire  computation 
is  restricted  to  the  special  case  e  =  0. 

The  four  solutions  of  the  discretized  Euler  equations  give 
approximation  to  the  two  solutions  of  the  original  flow  problem. 

In  the  discussions  of  the  Euler  equation  carried  out  at  the 
beginning  of  this  section,  we  found  two  particular  solutions  which 
satisfy  the  linearized  flow  equations  and  two  other  particular 
solutions,  arising  by  confluence,  which  fail  to  solve  the  original 
flow  equations.  The  latter  are  suppressed  as  one  satisfies  the 
boundary  conditions  for  the  Euler  equations  at  the  exit  cross 
section.  (These  boundary  conditions  express  the  requirement  that 
there  the  residuals  be  zero.)  Such  boundary  conditions  will,  of 
course,  arise  also  in  the  discretized  treatment.  After  they  have 
been  taken  into  account,  the  number  of  particular  solutions 
available  to  satisfy  conditions  at  the  entrance  cross  section  is 
reduced  to  two. 

For  v  =  0  the  exit  cross  section  coincides  with  element 
boundaries.  The  conditions  at  the  exit  cross  section  then  arise 
automatically  by  varying  $  and  *  at  the  exit?  the  procedure  arises 
entirely  from  the  concept  of  residual  minimization.  For  v  ?  0  the 
corresponding  steps  can  be  caried  cut  only  if  one  introduces 
irregular  elements  for  which  part  of  the  boundary  forms  the  exit 
cross  section.  Unfortunately  such  a  procedure  is  not  compatible 
with  the  present  method  of  analysis  which  presupposes  that  all 
elements  have  the  same  size  and  shape.  The  expressions  Eqs .  (325) 
give  $  and  only  at  the  corners  of  the  elements,  while  these 
quantities  are  defined  in  the  interior  of  the  elements  by  means  of 
the  shape  functions.  For  the  purpose  of  the  analysis  of  the  case 
v  /  0 ,  we  pretend  that  Eq.  (325)  is  valid  everywhere  in  the  exit 
section,  i.e.,  we  assume  that  there 


/4>(x,y)\  s  /♦]exp(iu  v  +  iu  y)  (  339  ) 

\*(x,y)/  W  J 

where  u ^  and  are  determined  by  the  procedure  for  the 
discretized  equations  described  above.  With  the  assumption 
Eq.  (339)  one  can  use  the  boundary  conditions  that  arise  from  the 
nondiscretized  Eq.  (317).  For  this  purpose  we  introduce  the 
residua  Is 


2  2  2 

R,  =  (1  -  M  cos  6  ) <t>  -  M  sin  e  cos  6  $  -  o» 

1  x  y  y 

2  2  2 
R_  =  -M  sin  9  cos  9  $  +  (1  -  M  sin  9  )  $  +  i|> 

2  x  y 


(  340  ) 


Ry  definition  the  exit  cross  section  is  formed  by  a  line 
£  ^  =  const .  We  had 


x  =  £^  cos  v  ~ni  sinv 


y  =  £  2  sin  v  +  n  ^  cos  v 


(  341  ) 


Therefore  along  the  exit  cross  section  ( £ ^  =  const) 


dx  dy 

—  =  -sin  v ;  =  cos  v 

dn  dn  2 


(  342  ) 


Using  these  equations  one  obtains  from  Eq.  (317)  as  boundary  terms 
which  arise  by  varying  $  and  in  the  end  section 


where 


- 


2  2  2  2  2  2 
(  l -M  cos  8 ) cos v-M  sin6cos0sinv  -M  si n6cos8cosv+( 1-M  sin  8)sinv 


-  sin  v 


cos  v 


(  344  ) 


Eq.  (333)  has  arisen  from  an  expression  in  terms  of  and 


exp(  iw,  5  i  +  iw_ri .  ) 


The  computation  is  carried  out  in  such  a  manner  that  is  real 
and  the  same  for  all  roots.  One  obtains  four  different 
expressions  differentiated  by  a  subscript  j.  We  choose  the  origin 
of  the  coordinate  systems  in  the  exit  section,  then  i ^  =  0.  The 
residuals  are  evaluated  at  the  exit  cross  section  separately  for 
the  four  solutions  from  Eq.  (340) 


;1,3)  =  1  expd.jnpH*2^^) 


(  345  ) 


with 


([(1  -  M2  cos 2  9 )  .  -  M2  sin  9  cos  8  w  .]  -u>.  . 

3,3  4,3  4,3 

2  2  2 
[  — M  sin  8  cos  9  uj-  .  +  (1  -  M  sin  8 )  w  •  ]  u,  ^ 

j,3  q > J  J » J 


(  346  ) 


If  one  sets 


(*)  *  f  “j  (?)  exP(i"3,jX  + 


(  347  ) 


one  obtains,  from  the  requirement  Eq.  (343) 
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These  are  two  equations  for  the  four  unknown  coefficient  a..  The 

( 1 )  ( 2 )  3 

computation  evaluates  M  ,  M)  ,  (R.  .  ,  R_  .),  and  (A.,  B.).  The 

3  1 1  3  *  >  3  3  1 

procedures  just  described  can  be  carried  out  also  for  v  =  0.  But, 
as  was  mentioned  above,  for  this  case  one  can  also  use  the  condi¬ 
tions  which  arise  from  minimizing  the  discretized  functional  J  and 
avoid  the  assumption  Eq.  (339).  Varying  $  and  $  in  the  exit  cross 
section  on  obtains  Eqs.  (323)  and  (324)  (as  everywhere  else  in  the 
flow  field) ,  but  the  integrals  occurring  in  these  equations  are 
expressed  by  the  shape  parameters  in  a  different  form  because  only 
elements  lying  upstream  of  the  exit  cross  section  will  give 
contributions. 

Denote  by  me  the  value  of  m  for  the  exit  section.  Then  one 

has 


,  <t>  x  dxdy  = 

J  x  me  ,  n ,  x  1 

Ax-1  Ay[  (2/3)  (  *me/n  -  ♦„*_!,„>  +  (1/6  )  (  ♦(ne  ,  n-l  "  *me-l,n-l) 
+  {1/6)  (  <>me>n+1  -  ♦me_i ,  n+l )  J 


^x  xme ,  n ,  ydxd^  (1/4  )  [  *me,  n-l  ^me-l,n-l  *me,n+l  +  ^me-^n+l^ 

(350) 

V  xme ,  n ,  x^xc^  -  ^me,n-l  +  ^me,n+l  +  ^me^+l  %e-l,n-l^ 


-1 


*  x  _  dxdy  =  Ax  Ay  [-(1/3)  $  .  +  (2/3)$  -  (1/3)$ 

y  me , n , y  me, n-l  me, n  me, n+l 


-  (1/6)*  -j  i  +  (1/3)*  .  n  -  (1/6)  ♦  . 

me-1  /  n-l  rn©~  1  /  n 


Because  the  present  development  holds  only  for 

♦  =  rm  exp ( inw~Ay ) 

mn  ^  2  1 

With  the  constant  c^,  c2,  and  c^  defined  in  Eq 

( 

exp(-i(n»2«y  +  me«  I  )  j  «xxme  f  „dxdy  = 

n 


v  =  0,  we  set  then 

(  351  ) 

(  331  )  ,  one  has 

"  W-l1 


exp  (  -i  (  nu>2ay  +  tne^  Ax  )  )  J  *y  #  n  ,  ydxdy  =  c2(  2*me  + 

Q 


exp(-i(nu  Ay  +  mew.lx))  l  xmo  „  dxdy  =  n  +  ♦  ,) 

^  2  J  1  J  x  me , n ,y  3  me  me-l 


exp  ( -i  (  nu  .  Ay  +  me«.Ax))|^  x  dxdy  =  ic-,($  +0  ,) 

F  2  1  1  J  y  me,n,x  3  me  me-l 

fi 


Then  by  substitution  into  Eqs .  (323)  and  (324)  with  coefficients 
d^  and  e^  defined  in  Eqs.  (333)  and  (334) 


d .  (  % 

1  me 


l>  ■,  )  +  d0(2$  +  4>  i)  +  id,i>  ,  +  d.(*  -  *  ,) 

me-l  2  me  me-l  3  me— 1  4  me  me-l 


+  dr(2ij)  ii)  ,)  +  b_c-.i(->i)  +  ^  ,)  +  b^c,i(4>  +  *  .)  =  0 

5  ne  me-l  53  me  me-l  63  m  m-1 


a  nd 


e,  ( 


.  )  +  e0(  2  <*»  +4  ,)  +  bcc-  i  (  o 

>-l  2  me  me-l  5  3  r 


me  me- 

b,c,i(-<J>  +  ♦  ,)  +  e„(4i  -  ,)  +  ecl 

63  me  me-l  4  me  me-l  5 


me 


me-l 


=  0 


Ordering  according  to  subscripts  one  obtains 


h.  ♦ 


1  me 


h,o  .  + 
2  me-l 


h  j  + 
3  me 


h  .  4»  . 

4  me-l 


=  0 


k ,  4 


me 


+  k„4>  ,  +  k  ,  ♦ 

2  me-l  3  me 


+  k.* 


(  352  ) 


0 


h3 

=  d,  +  2d  c 

4  5 

+ 

ic3<-b5  +  b6 

h4 

"  -d4  +  d 5 

+ 

ic3<b5  +  V 

kl 

=  e^  +  2e2 

+ 

ic3fb5  “  b6  * 

k  2 

=  -ex  +  e  2 

+ 

ic3,b5  +  V 

k  3 

=  e  .  +  2ec 

4  5 

(  353  ) 


— p  +  e 

4  5 


Substituting  Eq.  (338)  into  Eq.  (352)  one  obtains  equations 
for  the  coefficients  a. 


I  A  .  a  .  =  0 
3=1  J  J 


Z  B  .  a  .  =  0 
3=1  3  J 


(  354  ) 


where 


Aj  =  ^1 

+  P1 

3 

h2>b  + 

(h3 

* 

V*] 

B.  =  (k, 

+  P1 

3 

k2'b  - 

(  k3 

+ 

k4lij 

(  355  ) 


Eqs.  (354)  replace  Eqs.  (348). 

The  limiting  case  in  which  the  exit  cross  section 
(  £,  =  const)  coincides  with  a  Mach  wave  has  some  special 
properties,  at  least  in  the  nond iscret i zed  equations.  In  this 
limit  one  has 

v  =  +(ir/2)  +  (  6 ± a ) 


183 


therefore 


cos  v  =  ±sin(0±a) 

(  356) 

s i n  v  =  +cos ( 9  ±  a  ) 

For  simplicity,  only  the  upper  sign  is  included  in  the  following 
discussion.  Results  for  the  lower  sign  are  immediately  obtained 
by  changing  the  sign  of  a. 

We  shall  see,  that  in  this  limiting  case  the  two  equations 
(Eq.  (347))  are  linearly  dependent.  One,  therefore,  obtains  only 
one  condition  for  R ^  and  R2  instead  of  two.  By  substitution  of 
Eqs.  (356)  one  obtains  from  the  first  row  of  the  matrix  Eq.  (344) 

2  2 

[-(sin  a  -  cos  9)sin(9+a)  -  sin  9  cos  0  cos(0+a)]R^ 

(  357) 

2  2 

+  [sin  6  cos  0  sin(0+a)  +  (sin  a  -  sin  0  )  cos  (0  +a  )  ]  R  2  =  0 

The  evaluation  of  the  coefficients  of  R^  and  R2  uses  the  following 
identities 


2  2 

sin  a  -  sin  0  =  sin(a+9)sin(a-0) 

sin  a  cos  a  -  sin  9  cos  0  =  sin(a-9  )cos(a+0  ) 
and  consequently 

2  2 

sin  a  -  cos  9  =  -cos  ( a +9  )  cos  ( a -0  ) 


(  358  ) 

(  359  ) 


(  360  ) 


a  nd 


sin  a  cos  a  +  sin  0  cos  0  =  si  n  (a +9  )  cos  ( a -0  )  (361) 

The  relations  can  be  verified  by  applying  familiar  trigonometric 
identities  to  the  right-hand  sides.  They  can  be  "understood"  if 
one  observes  that  the  left-  and  the  right-hand  sides  are,  for 
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fixed  9,  analytic  functions  of  a  with  the  same  zeros.  In 
Eq.  (358)  the  zeros  are,  for  instance 

a  =  9  +  n^ii  and  a  =  -9  +  n 1  tt  , 

where  n,  is  any  integer. 

One  obtains  for  the  coefficient  of  R,  in  Eq.  (357)  by 
applying  Eqs .  (360)  and  (361) 

2  2 

-(sin  a  -  cos  9)sin(6+a)  -  sin  9  cos  9  cos;9+a) 

=  cos (a +9  ) cos ( a -9  ) si n ( 9 +a  )  -  sin  9  cos  9  cos(9+a) 

=  cos  (9  +a  )  f  cos  ( a  -9  )  sin  (a  +9  )  -  sin  9  cos  e] 

=  sin  a  cos  a  cos(6+a  ) 

The  coefficient  of  R2  in  Eq.  (357)  is  obtained  by  an  analogous 
procedure;  one  obtains 

sin  a  cos  a  s i n ( 9  +a ) 

Accordingly,  one  finds  from  Eq.  (357) 

R:  +  tg( 9  +a )R  =  0  (  36 2 ) 

The  same  result  is  found  (without  further  computations)  from  the 
second  row  of  Eq.  (344). 

One  might  surmise  that  Eq.  (362)  is  related  to  the  charac¬ 
teristic  condition  for  the  basic  flow  equations,  which  arise  by 
setting  the  expression  in  Eq.  (340)  equal  to  zero.  The  charac¬ 
teristic  conditions  are  obtained  by  forming  a  linear  combination 
of  these  two  equations  in  such  a  manner  that  only  derivatives  in 
the  direction  of  the  cha ra cteri st i cs  are  encountered.  In  the 
present  example  the  characteristics  satisfy 

to  =  t9(e+a) 
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The  linear  combination  to  be  formed  is  recognized  immediately  if 

one  considers  the  derivatives  of  To  obtain  4»  +  tg(8+a)*  one 

x  y 

must  form 


R2  -  tg(6+a)R1 

The  characteristic  condition  for  the  $,41  representation  is, 
therefore , 


R^  -  cot(e+a)Rj,  =  0  (363) 

One  is  led  to  a  correct  interpretation  of  Eq.  (362)  by  the 

observation  that  Eq.  (343)  represent  initial  conditions  at  the 

exit  cross  section  for  the  Euler  equations  interpreted  as 

differential  equations  for  the  residuals  R^  and  R2>  The  Euler 

equations  (Eqs.  (318)  and  (319))  rewritten  in  terms  of  R.  and  R_ 

-  2  1  2  ^ 

(defined  in  Eq.  (340))  read  after  multiplication  by  M  =  sin  a 
2  2 

(sin  a  -  cos  e)(3R^/3x)  -  sin  8  COS  6(3R^/3y) 

2  2 

-  sin  6  cos  8 ( 3R2 / 3 x )  +  (sin  a  -  sin  6)(3R2/3y) 

and 

-  (  3R1/3y)  +  (  3R2/3x)  =  0 


(364) 

=  0 


The  characteristic  conditions  for  this  system  of  equations  are 

2  2—1 

obtained  by  multiplying  the  first  equation  by  (sin  o  -  cos  8) 

2  2  —1 

the  second  by  sin  a  cos  a(sin  a  -  cos  6)  »  and  by  adding  the 

results.  One  obtains 


3R 

' _ 1_  -sin  8  cos  8  -  sin  a  cos  a 

dx  +  .2  2 

sin  a  -  cos  8 

-sin  8  cos  8  +  sin  a  cos  a 


2  2 

sin  a  -  cos  6 


3R , 

4 

nr 


2  .  2 

sin  a  -  sin  8 


3R. 


-sin  8  cos  8  +  sin  a  cos  a  3y 
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Hence  with  Eqs.  (358)  through  (362) 

(3R1/3x)  +  tg(  (6  +  0)  (  3R1/3y)  +  tg(  «-<*){  a/R2/3x ) 

+  tg( 6+a) ( 3R2/3 )  =  0 

Hence 

R^  +  tg(6-a)R2  =  const  (365) 

along  a  line  with  the  slope  (dy/dx)  =  tg(e+a),  (a  left-going 
characteristic).  For  the  right-going  characteristic  one  must 
replace  a  by  -a. 

R^  +  tg(0+a)R2  =  const,  (366) 

there 

dy/dx  =  tg(e-a) 

The  constants  in  Eqs.  (365)  and  (366)  may  be  different  for  each 
characteristic. 

One  then  arrives  at  the  following  interpretation  of 
Eq.  (362).  We  assumed  that  the  exit  cross  section  is  given  by  a 
left-going  characteristic  (Fig.  13).  Eq.  (362)  then  gives  zero  for 
the  value  of  the  constant  in  Eq.  (366),  that  means  for  the  right¬ 
going  characteristics  which  pass  through  the  exit  cross  section. 
This  information  together  with  the  homogeneous  boundary  condition 
for  R^  and  R2  which  are  given  at  the  side  walls  (initially  at  the 
upper  wall)  cause  R^  and  R2  to  be  zero;  first  along  the  exit  cross 
section  and  afterwards  in  the  construction  by  a  method  of 
characteristics  all  through  the  flow  field.  We  observed  at  the 
beginning  of  this  discussion  that  the  two  equations  ( Eq .  (347)) 
yield  in  the  present  limit  only  one  condition  for  R^  and  R2,  this 
is  Eq.  (362).  No  further  condition  is  needed  because  one  assumes 
that  the  Euler  equation  of  the  variational  problem,  here 
interpreted  as  the  system  of  partial  differential  equations  for  R. 


and  R2,  Eq.  (364)  are  satisfied.  For  the  left-going  charac¬ 
teristic  this  system  reduces  to  Eq.  (365).  The  constant  in  this 
equation  is  zero,  because  of  Eq.  (362)  in  combination  with  the 
homogeneous  condition  at  the  side  wall. 

After  this  digression,  we  return  to  the  application  of  the 
conditions  in  the  exit  cross  section,  Eqs.  (348)  or  Eqs.  (355). 

We  want  to  define  solutions  of  the  Euler  equations  (now  in 
discretized  form)  which  make  the  residuals  zero  at  the  end  cross 
section  and  which  are  suitable  for  a  comparison  with  exact 
solutions  of  the  original  flow  equations.  The  simplest  analytical 
solutions  have  tne  form  of  single  waves.  In  the  f,n  system  (the 
one  oriented  witn  respect  to  the  velocity  vector  of  the  basic 
flow)  they  are  given  by 

»  =  exp(  iu>2(  tgc.  i  +  n)  and  *  exp( iu2(-tga  5  +  n) 

similarly,  equations  hold  for  Hi.  At  least  for  u2  small,  the  four 
particular  solutions  of  the  discretized  Euler  equations  which 
appear  in  Eq.  (347)  can  be  ordered  into  two  pairs  (recognizable  by 
their  closeness  to  the  values  of  taken  from  the  exact  solution 
for  single  waves).  Under  conditions  where  the  approximation  to 
the  exact  solutions  is  only  poor  (larger  values  of  u,  and 
proximity  to  certain  limiting  cases)  one  can  carry  out  the 
ordering  oy  continuity  with  respect  to  established  cases. 

Eqs.  (348)  or  (355)  are  two  homogeneous  equations  with  four 
unKnowns  a^.  Only  the  ratio  of  the  unknowns  matters.  One  cannot 
expect  that  these  relations  can  be  satisfied  if  one  uses  only  the 
two  expressions  which  are  "close"  to  the  exact  particular 
solutions  for  a  single  wave.  It  has  been  observed  that  the  values 
of  r^  and  r2  (Eq.  (327))  belonging  to  such  a  pair  have  the  same 
phase  and  moduli  which  are  reciprocals  of  each  other.  In  each 
pair  one  of  the  approximating  particular  solutions  therefore 
decreases  and  the  other  increases  as  one  moves  from  the  exit  cross 
section  towards  the  interior  in  the  x  direction.  To  satisfy 
Eqs.  (348)  or  (355)  we  now  use  the  pair  of  particular  solutions 
wmcn  are  approximations  to  the  single  wave  which  we  want  to  study 
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(in  our  examples  these  are  right-going  waves)  and  the  one 
particular  solution  pertaining  to  the  approximations  for  the  other 
wave  (here  left-going)  which  decreases  as  one  moves  from  the  exit 
cross  section  toward  the  interior.  The  contribution  of  this 
latter  particular  solution  will  then  become  smaller  and  smaller  in 
comparison  to  the  approximation  for  the  right-going  wave.  So 
ultimately  only  the  latter  particular  solutions  are  encountered. 

In  the  cases  studied  numerically  the  contribution  of  the  undesired 
waves  (left-going)  is  very  small  (much  less  than  1  percent)  even 
at  the  exit  cross  section. 

2 

For  a  fixed  set  of  parameters  M  ,  w^Ay,  Ax/Ay,  and  e  the 
numerical  procedure  evaluates  the  constants  a.  (Eq.  (300),  b^ 
(formulae  preceding  Eq.  323),  c^,  d^,  e^,  f^,  g^  (Eqs.  (330), 
(331),  (333),  (334),  (335))  and  the  coefficients  A.  (Eq.  (337))  of 
the  equation  of  fourth  degree  (Eq.  (336)).  (For  the  particular 
case  v  =  0  treated  here,  r  replaced  r2«)  The  values  of  r  and  the 
pertinent  vectors  U )  appear  in  pairs,  in  which  the  arguments  of 
the  r's  are  the  same  while  the  moduli  are  reciprocals  of  each 
other.  By  comparison  of  the  argument  of  r  with  that  of  exact 
solutions  they  are  identified  as  approximation  to  either  left-  or 
right-going  waves.  One  then  evaluates  the  constants  h^  and 

(Eqs.  (354))  and  finally,  by  Eq.  (356),  the  coefficents  A.  and  B. 

3  1 

which  occur  in  Eq.  (355). 

Now  one  chooses  in  Eq.  (355)  the  one  equal  to  zero  which 
pertains  to  the  approximation  of  the  undesired  (left-going)  wave 
that  increases  as  one  proceeds  from  the  exit  cross  section  toward 
the  interior  and  computes  the  ratio  of  the  three  other 
coefficients  a  ^ .  It  is  in  this  computation  where  we  found  that 
the  coefficient  of  the  other  undesired  particular  solution  (here 
of  a  left-going  wave)  is  very  small.  The  solutions  are  normalized 
so  that  the  value  of  $  at  the  exit  cross  section  is  one. 
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SECTION  XV 

NUMERICAL  RESULTS  FOR  THE  LINEARIZED  SUPERSONIC  FLOW 


2 

In  a  specific  situation  the  values  of  H  ,  e<  and  Ax/Ay  are 
fixed.  The  values  of  iu2Ay  may  range  from  0  to  t.  It  is  then 
possible  to  evaluate  for  the  particular  solutions  belonging  to 
these  values  of  w2Ay  the  approximations  to  right-going  and  left¬ 
going  waves.  Two  auestions  arise:  whether  the  procedure  is 
stable  for  all  possible  values  of  u>2a y  and  up  to  which  values  of 
w2Ay  one  obtains  a  reasonable  accuracy. 


The  results  are  summarized  in  a  number  of  tables.  We  have 
chosen  three  Mach  numbers  ( M2  =  1.5,  M2  =  2,  and  M2  =  2.5).  In 
the  tables  we  have  varied  p2  =  u>2Ay  and  rather  clear  cut  results 
are  obtained  if  one  chooses  Ax/Ay  in  such  a  manner  that  p^  =  <u^ax 
remains  the  same  for  the  exact  solutions  by  right-going  waves  as 
one  varies  9  at  a  fixed  value  of  p2 .  (The  expressions  p  /(2k)  and 
P2/(2k)  give  the  number  of  mesh  points  per  full  wave  in  the  x  and 
y  directions.)  If  one  keeps  p^  and  p2  constant  as  6  varies,  then 
one  has  the  possibility  of  representing  the  particular  solutions 
which  arise  for  different  values  of  e  with  about  the  same 
accuracy.  However,  this  representation  holds  only  for  either 
right-  or  left-going  waves.  For  these  cases  one  has 


AX 

Ay 


£l 

P-> 

2- 


cot ( 9+a ) 


(The  upper  and  lower  signs  for  right-  and  left-going  waves, 
respectively.)  In  practice  Ax/Ay  is  fixed.  Therefore  a  second 
set  of  tables  has  been  prepared  with 


AX 

Ay 


y  cost  a 


Then  y  is  the  Courant  number  of  the  net  of  grid  points  for  6=0. 
Actually  the  evaluation  has  been  carried  out  only  for  y  *  1.  The 
tables  contain  a  column  for 


P1/p2  =  y  cos  a  tg(e-a) 

which  allows  one  to  determine  the  number  of  grid  points  per  wave 
length  in  the  x  direction  which  may  vary  dramatically. 

In  the  discussions  of  Section  XIII  we  have  seen  that  with 
the  use  of  the  Bristeau  method/  one  obtains  particular  solutions 
which  retain  their  amplitude  but  may  have  an  error  in  phase  (the 
discretized  scheme  is  dispersive).  This  is  correct  up  to  a 
certain  value  of  Ax/Ay  from  there  on  one  of  the  particular 
solutions  will  increase  as  one  moves  downstream,  that  is  the 
method  is  unstable.  The  tables  show  the  phase  error  after  a  full 
wave.  One  must  decide  which  wave  lengths  must  be  represented  with 
accuracy  and  adjust  them  ratio  Ax/Ay  accordingly.  Cases  which  are 
unstable  are  left  blank  in  the  table  for  the  phase  errors. 

For  practical  purposes  the  set  of  tables  in  which  Ax/Ay  is 
fixed  is,  of  course,  more  important.  It  is  disconcerting  that  the 
result  depends  rather  strongly  upon  the  alignment  of  the  mesh  with 
the  velocity  vector  (this  is  expressed  by  the  angle  e).  We 
started  from  the  idea  that  the  methods  of  residual  minimization 
guarantee  convergence.  They  do,  but  for  a  given  mesh  they  may  be 
rather  inaccurate  in  the  supersonic  region. 

For  the  $  ,  \|i  method  one  may  have  a  phase  error,  as  well  as 
damping  in  any  case.  For  each  particular  solution  for  a  single 
wave  of  the  nondi sere t i zed  equation  there  are  two  approximations, 
one  which  decreases  and  the  other  which  increases  in  the  x 
direction.  The  boundary  conditions  in  the  exit  cross  section  have 
the  effect  that  the  contribution  of  these  two  parts  are  of  nearly 
equal  magnitude  in  the  exit  cross  section.  In  the  interior  of  the 
flow  field  the  one  approximation  will  prevail  which  decreases  as 
one  moves  toward  the  exit  section.  This  has  the  consequence  that 
all  solutions  are  stable.  Two  tables  are  given  for  each  case,  one 
for  the  phase  error  over  one  full  wave  in  the  x  direction  and  the 
other  one  for  the  amplitude  of  the  resulting  approximation  of  one 
full  wave  (in  the  x  direction  and  of  the  exit  section). 


All  tables  are  extended  to  values  of  0  close  to  the  limit 
where  one  would  have  a  well-posed  problem.  Because  we  have  chosen 
v  =  0  (upstream  and  downstream  boundary  given  by  lines  x  =  const) 
these  limits  are  -(^  -  a)  <  0  <  +  (j  -  a).  For  M2  >  2 ,  (a  <  £  ), 
cases  may  arise  within  these  limits  for  which  6  =  a  and  the  x-axis 
coincides  with  a  right-going  wave.  The  wave  length  in  the  x 
direction  is  then  infinite.  In  the  tables  this  is  the  point  where 
Ax/Ay  changes  sign.  This,  however,  does  not  lead  to  any 
spectacular  changes  in  the  vicinity  of  this  point. 

The  results  show  that  in  a  supersonic  region  the  method 
frequently  fails  to  give  results  of  high  accuracy,  especially  for 
a  nonaligned  grid,  (even  while  the  regions  of  influence  are 
observed  properly).  Similar  phenomena  will  be  encountered  in 
three-dimensional  cases.  Other  discretizations  (for  instance  by 
triangular  elements)  applied  with  or  without  residual  minimization 
may  show  similar  phenomena.  Because  of  lack  of  time  the 
investigations  have  not  been  extended  in  this  direction.  Even 
though  the  present  setting  gives  approximations  to  the  particular 
solutions  which  in  the  $  /  <t i  representation  are  damped,  it  is 
compatible  with  rarefaction  shocks;  therefore,  it  will  be 
necessary  to  introduce  measures  to  suppress  them. 
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APPENDIX  A 
MATRIX  MODIFICATION 


Assume  that  we  have  a  problem 

(Mx  +  M2)y  =  z  ( A . 1 ) 

in  which  M^  is  a  nondegenerate  matrix  of  dimension  d  by  d  and  the 
modifying  matrix  M2  can  be  partitioned  as  follows. 


The  dimension  of  M2  is  d  by  d2>  The  following  approach  leaves  the 
structure  of  the  matrix  M^  intact;  a  block  tri-diagonal  matrix  for 
instance,  will  not  be  altered.  It  follows  from  Eq.  (A.l) 

(I  +  M“1M2)y  =  m“Xz  (A. 2) 

Notice  that  H^M2  has  the  same  partitioning  as  M2.  We 

partition  y  and  u  *  M-^z  in  the  manner  corresponding  to  the 
partitioning  of  M2.  The  subvectors  are  y^,  y2,  y^  and  for  u-^,  u2, 
u  .  The  matrix  (M~\m2)  is  partitioned  row  wise  in  the  same  manner 
as  y  and  u  and  the  portion  corresponding  to  y2  or  u2  is  denoted  by 
(M~^M2)2.  Restricting  oneself  to  the  component  with  subscript  2 
one  has 

(I  +  (M_1M2)2)y2  =  u2  (A. 3) 

where  I  is  the  identity  matrix  of  dimension  d2»  Then  by 
substitution  into  Eq.  (A. 2) 

y  «  U  -  M*1M2y2  (A. 4) 
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The  determination  of  M^z  requires  the  solution  of  one 

inhomogeneous  equation  with  the  matrix  (of  dimension  d  by  d )  . 

This  work  must  be  done  even  if  M2  =  0.  Let  d2  be  the  width  of  the 

matrix  M2*  The  determination  of  M^M2  required  tne  solution  of  d2 

inhomogeneous  equations  again  with  matrix  .  The  determination 

of  y2  requires  the  inhomogeneous  Eq.  (A. 3),  with  a  matrix  of 

♦ 

dimension  d2  by  d2-  Finally,  one  must  premultiply  y 2  by  the 
matrix  M^M2  wnich  has  already  been  evaluated. 


APPENDIX  B 


DENSITY  MODIFICATION 


The  concept  of  density  modification  seems  to  contradict  a 
requirement  for  the  existence  of  a  potential  flow,  namely  that  the 
pressure  be  a  function  of  only  the  density.  One  will,  however, 
remember  that  a  potential  flow  is  compatible  with  the  presence  of 
sources  within  the  flow  field  (see  the  remark  following 
Ea.  (211)).  One  is  therefore  allowed  to  set 

di v ( pw)  =  q  (B.l ) 

(q  is  the  source  strength).  We  try  to  interpret  density  modifica¬ 
tion  as  the  presences  of  sources.  For  instance,  we  ask  whether 
Eq.  (B.l)  can  be  written  in  the  form 

div( P  w)  =  0  ( B . 2 ) 

where  p  is  a  modified  density  (while  the  velocity  distribution 
remains  the  same).  Using  familiar  vector  relations  one  obtains 

div  pw  =  p  div  w  +  grad  p  •  w  =  q 


a  nd 


div  pw 


p  div  w  +  grad  p  •  w 


0 


Hence 


(p-p)div  w  +  grad(p-p)  *  w  =  q 

If  the  fields  w  and  q  are  known,  then,  since  by  Bernoulli's 
equation  p  is  a  function  of  w,  also  p  is  known.  One  then  can 
determine  the  modification  of  p  given  by  ( p- p )  by  an  integration 
along  the  streamlines.  One  can  indeed  find  for  each  source 
distribution  q  a  density  field  p,  so  that  Eq.  (B.2)  is  satisfied. 
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Consider  a  region  n  of  the  flow  field  with  boundary  an. 
Outside  of  Jc  and  at  an  p-p  is  zero.  Let  dx  be  the  volume  element 
Then  one  has 

qdx  =  |  div(pw)dx  =  div(  (  p- o ) w)d x  =  j  (p-p)w  •  endo 

c  n  n  an 

The  fact  that  (p-p)  is  zero  outside  of  n  (and  at  an)  tnen 
guarantees  conservation  of  mass  for  the  total  region  n.  This  is 
of  importance  if  one  applies  density  modification  in  a  region 
including  a  shock. 


—  exit  section 


entrance  — 
section 

<p  prescribed 


prescribed 


Figure  3.  Two-Dimensional  Duct. 


flow  direction 


(a) 


Figure  5.  Subsonic  Problem:  (a)  Physical  Boundary  Value  Problem 

(b)  Boundary  Value  Problem  for  the 
Residual  r. 


no  data 


(a) 


Fiaure  6.  Suoersonic  Flow:  (a)  Physical  Boundary  Value  Problem. 

( b )  Boundary  Value  Problem  for  the 
Residual  r. 


Figure  7.  Transition  from  a  Supersonic  to  a  Subsonic  Flow 
Through  a  Shock.  (a)  Boundary  Value  Problem  for 
the  Flow  Variable^.  (b)  Boundary  Value  Problem 
for  the  Residual  r. 

(Along  the  shock  in  the  subsonic  region  an  additional 
boundary  condition  for  r  is  needed,  to  guarantee  that 
r  =  0  throughout  the  subsonic  region.  The  shock 
condition  then  yields  r  =  0  at  the  shock  in  the 
supersonic  region) 
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Figure  8a.  Transition  from  a  Subsonic  to  Supersonic  Flow  in  a 
Laval  Nozzle.  Boundary  Value  Problem  for  the  Flow 


“O 

CL) 

n 


Boundary  Value  Problem  for  the  Two-Dimensional  FI 


Figure  11.  Velocity  Distributions  for  Subsonic  Flows  in  a  Laval 
with  (Dashed  Curves)  and  without  (Solid  Curves)  Dens 
Modification . 


side  wall 

(some  linear  homogeneous  boundary 


condition  for  or  R^) 


right-going 
characteristics 


because  of  Eq.  (366)  and 
the  conditions  in  the 
exit  cross  section 


exit  section 


(left-going  characteristic) 


R-j  +  tg(0+a)R2  =  0 
(from  Eq.  (362)) 


R^  +  tg(0+a)R2  =  0 


Figure  13.  Conditions  for  the  Residuals  R.  and  R2 
if  the  Exit  Cross  Section  Coincides 
with  a  Characteristic. 
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Aspect  Ratio  Ax/Ay  =  const,  chosen  so  that  for  9=0  the 
mesh  Courant  Number  is  1. 


u 

> 

<  o 

3  in 
sr 
j 

a 

3 

Cl. 


CC 

< 

o 

N 

cc 

X 

ac 

< 

u 

u 

© 

w 

IN 

< 

o 

co 

0L 

o 

►J 

o 

cc 

• 

< 

Q 

m 

£h 

o 

X 

E-> 

II 

u 

je 

e 

m 

O  lO 

in 

O  O 

*T  'T 

CM 

ro  o 

in  so 

in 

CO 

cm 

03  co 

in 

rH  O 

co  r- 

co 

CO  © 

ON 

CD  rH 

co 

CO 

CM 

co  ro 

O' 

rH  r- 

VO 

CD  ro 

o 

O'  o 

CM 

VO  <N 

CO 

vO 

o 

in  rH 

t'- 

in  rg 

o 

co  r- 

VO 

-T  -T 

ro 

CM  CM 

rH 

rH 

© 

cm  rg 

»-H 

rH  r-H 

•H 

O' 

<T  v£> 

in 

id  co 

VO 

CO  ro 

O' 

O  r-t 

CO 

r-  ry 

o 

CO 

r~ 

vo  in 

ro 

O'  vo 

CM 

c  in 

rH 

f-  CO 

CM 

O'  t'' 

in 

rH 

CO 

o>  in 

rH 

CO  rH 

co  m 

in 

VO  O' 

9. 

6. 

ro 

r- 

*-h  r- 

rH 

m  'T 

CO 

CM  rH 

rH 

CM 

cm  rH 

rH 

rH 

CM 

©  o 

rH 

in  rH 

CO 

ro  id 

o 

ro  rH 

CM 

CD  O' 

O' 

CO 

o 

O'  o 

rH 

©  in 

o 

O  m 

rH 

CM  ID 

o 

CM  CM 

CD 

o 

CO 

•— i  vO 

rg 

vo  vo 

rH 

O'  © 

CM 

ID  rH 

00 

5 

3. 

rH 

rH 

in 

O'  *r 

»-H 

CO  vo 

m 

ro  cm 

CM 

rH  rH 

cm 

♦H  r-H 

r-H 

rH 

O  CO 

CO 

VO 

O  co 

CM 

VO  © 

m  o 

in 

00 

o 

rg  rH 

o  r- 

in 

cm  r- 

io  © 

in 

cm  ro 

VO 

CM 

co 

ON  r"> 

IN 

cm  r- 

O  ^T 

o 

r-  in 

© 

CM  rH 

CM 

•vr  o 

in  co 

CM 

rg  r-H 

r—i 

CM 

r-H  r-H 

r- 

O  CO 

rH 

rH  CO 

in 

CM  o 

V 

O'  vo 

O' 

in  o 

-T 

o 

in  co 

rH 

O'  'T 

O' 

VO  o 

co 

O'  © 

co 

in  © 

rH 

o 

•H 

VO  <N 

VO 

ID  rH 

r" 

5 

4 

IN 

rH  r-H 

in 

CN 

rH  rH 

H 

VO 

IT  O' 

r-H 

co  © 

T 

UO  rH 

CO 

O'  »H 

o 

<T  © 

IO 

CM 

in 

CO  o 

r' 

O'  © 

VO 

in  co 

CM 

CO  VO 

<N  rH 

o 

o 

VO 

co  rsi 

rg 

r~-  in 

© 

(N  r-H 

rH 

o 

<3*  CN 

rH 

rH 

ro 

O  <N 

CO 

r--  © 

ro 

in  id 

CM 

cn  m 

o 

VO  © 

rH 

o 

in  r-H 

© 

O  ro 

O' 

vo  -vr 

© 

CM  rH 

r-H 

O  O  O 

o 

■Vf 

ro  id 

co 

rg  rH 

T 

rH 

O 

rH  CM 

in  rg 

CO 

CM  O 

© 

o 

VO 

<T  00 

VO 

r- 

ro 

r-  ro 

tj*  co 

CM 

O'  o 

ro 

o 

io 

vO  VO 

C0 

-T 

io  r- 

rH  r- 

©  o 

CO 

r-  m 

ro  cm 

rH 

o 

rH 

in  ro 

CN 

CM  rH 

rH 

r-H  r-H 

oinoinomoinomoinoinoino 

n  n  !N  nh  h  I  ©  .-t  (N  cn  ©  © 

I  I  I  I  I  I  I 


1*3 


I« 


I 


CM 

a 


Vi 

X 

X 

X 

e> 


r-- 


CD  CO  l£>  lO  CO  in  CO  CM  CO  O'  —<  a\  \T\  auflOfOiUCi'JO 

i-i(M^3>o<NfMT5''g'i^jcT>r-ia'Lni^r^rro^rr^O(Ni 


2 

CM 

O 

in 

t-i 

ro 

t- 

CJ 

x 

X 

r- 

1— 1 

o 

co 

a 

o 

t 

<D 

CO 

X 

co 

2 

f— i 

X 

CM 

IT) 

?» 

o 

10 

CM 

< 

in 

• 

AJ 

3 

MT 

• 

H 

J 

CO 

_J 

II 

3 

X 

>, 

lO 

X 

<3 

x 

o 

CM 

o 

N 

2 

O 

• 

x 

X 

o 

ro 

r- 

x 

<3 

co 

x 

X 

co 

x 

X 

> 

T 

cn 

o 

CM 

< 

lO 

o 

in 

o 

X 

X 

m 

x 

in 

• 

►J 

CM 

X 

r-H 

VO 

CQ 

• 

X 

H 

< 

a 

<7> 

O 

CO 

E-i 

o 

co 

X 

X 

a 

li 

X 

2 

r- 

£ 

a 

M 

O 

ST 

O 

• 

-=► 

X 

»— i 

r- 

o 

<T> 

■0- 

X 

CM 

X 

in 

X 

• 

o 

CM 

X 

in 

O' 

Vi 

CO 

II 

< 

ll 

• 

X 

CM 

X 

CM 

s 

a 

CM 

10  r-~  o  id  fM  h 

NO(Jih\DlTi 


imNno^H^ 

TTfOOMCMCM.-tfMCM 


in  in  CM 
co  co  r~ 


C-,  r-  in  co  n-  cm  co  < 
m  r*  <j\  m  co  >~i 


C''iO'Tininco^rcMcM 

foooin^riOfMHfo 


(MfMfMOcOC  r-i'Ti^r^iDI^ 
cocoa\iDco^CT't^morcocM 


f^'TOiiorr^rinn- 


<TilOCMa'1OMiOCOiOiOt^O'<J''C?'iO 


in  <Ti  in  co  cm 


H(OlCfMOl/llflHlICOfMHOCOfMHlCV 

Ht^  o  ■q-  cm  in  cm  O'  m  cocooi  id  m  cm  .-h  o  o 


O'  rr 

O  r-H 


co  o> 

rH  lO  CM 


o  h  o  inn  cm  i 


o  o  o  O 


CM  O- 

o  o 


C\  O'  CO 
O"  '-I 


If  N  H  H 


OlfOOOOOOOfM 
OfN^fOOClinOfNO' 
C0rH^fC0CMinO0',3''— t 


OfOio--ir''oaiHi£iM,ro 
OnomrMHoitT'MNio 
O  03  10  lA  <f  O  f IQOHfM 


HMlC^nNfMrtHrtH 
O'.  rO 


OinoinoinomCin 

iT’f'ffOnfNfNMH  | 

i  I  l  I  l  l  t  I  l 


O  in  o 


in  o  in  o  in 

r-i  cm  cm  co  co 


I  l  I 


O  in  o 
\r  'C  in 


235 


For  explanation  of  notations  see  Table  22. 


METHOD,  MODULUS 


ions  see  Table 


w 

> 

o 

< 

o 

s 

in 

• 

3 

3 

n 

3 

X 

CM 

a 

X 

\ 

z 

r—i 

o 

w 

a 

3 

X 

J 

X 

3 

Eh 

D 

Cl, 

r- 

O 

< 

CM 

£ 

o 

m 

cn 

c a 

CM 

3 

u 

Q 

• 

J 

CQ 

O 

<Tv 

3 

< 

X 

ro 

Q 

E-t 

O 

6u 

II 

E 

Z 

uiminvor'-o'  o  o  to  mj  o  co  *-i  cy*  ®  <?> 

OOOOOOi-H«-lOOO'COCOr~-i£>ininin*T*T«r 


r'r'r^t^r^p'r'r'r^r-i£iin^'rfro(Nf\ir-<p-(i-ir-i 

’;J''C,T'3,’C,T'T^r'^''3,^T»3,^r'C'T^T'T'3'rr'T'T 


'T'g,«3,'3-^f'3,'T'3,'T'3‘^3''T'3-Ttfnfn(r)rOfr)fOrO 

COCOcOVOCOlOCOVOlOlOlOlOCDVOCOCDCDCDCOlOVO 

(N(NfM(\lfNl{MfNr\JfMfN|{NfM(N(NfNC\J(N(N<NrsJ(N 


inirunifuninini^ininifu^iflifuninrfTrTTTTTr 

COvOiOcOvOlCCOCOlOCD®iI>lO®v0®i£>i£>lO<£liD 


inminininminminLninLnininininmmininm 


r-r^t^r-'['-r-r'-r^f't''r^r''t^r~r^r^r'-r^r'r''f~ 

oooooooooooocoooooooo 


<N<NC\IC\l<NCNCNC\iC\l(\IC\lCNC\ir\ir\IC\IC\l<MCN)CNCN 

ooooooooooocooooooocc 


r~  <— iiPi-tO"— iooo<-t'9'(NLr>rnr-tro(-(vDco'x;cJ'CT' 

oiri(?^oi'j(jionHH(n(?Hroi^r-inr'^riN 
OOO'-i'— tf\fNro^rinv£ic~-coi— 'rroor'fNic^vo 

HHHfmih'IlN 

m  I  I 
I 


OinOifiOUIOif'OKlO^Ci.'OulOiflOK'O 

l  HHfMNron<T'Tin 

I  i  l  I  l  I  I  I  I 


For  explanation  of  the  notations  see  Table 


X 

o 

> 

o 

< 

o 

s 

• 

r-H 

u 

li 

x 

Ci* 

rsj 

a 

CO 

\ 

2 

w 

r-H 

o 

00 

a 

J 

QC 

05 

CO 

Q 

E- 

co 

o 

Ci* 

(M 

j: 

o 

< 

C 0 

«. 

C/j 

.J 

o 

X 

to 

o 

• 

J 

X 

X 

fcn 

m 

Q 

CO 

C 

2 

ii 

2 

c\ir\j<NfMHOO^r^ir>roc\iHOO(^ 

OOOOOO^OW^^^^O'^CO 


(NrsjrsjrH^r^f^aNinr— (t^rOf-HCNC^ 

HHr^Hoooo'O'O'cococor'-r- 


romroro<NrHOc^r^vx?,srrO(NrHO 

rnnrnrnrorofOrsifNjrsifsirsicsjrsirsj 


nnrornronnnrnnrinrorin 


nmnronrorO(\(N(\HHHHO 

OOOOOOOOOCOOOOO 

^<M<N<NCNlCMCNirsjfS3(MfMfS4CNJtNrsi 


^^^^^^inininiriirunirunin 

(^fNf\i(Nrsir\rNjrsjf\iOsjfNrsjfNjf\jrsj 


»-H  r-H  r-H  *-H  H'Vh  *-H  i-H  »-H  »-H 


nrornrnnnnrinronnroforo 

ooocoooocoooooo 


oa^cor-^r^coo^oo^^r^co 

OC'-HfNro^ri/^r^coo<M^r^»-Hr^ 

H  ri  H  H  (N  (\ 


^omo^oino^omoinoiri 

n  nf\  csiHH  l  h  h  cm  (\  n  n 

I  I  I  l  I  I 


*•  ’  A  A  A  A  A 


METHOD,  MODULUS 


For  explanation  of  the  notations  see  Table 


METHOD,  MODULUS 


Cx3 

> 

o 

«£ 

o 

s 

o 

• 

J 

H 

u 

z 

II 

Lu 

<\1 

W 

a 

z 

N 

o 

r-H 

a 

AFTER 

o 

w 

m 

3 

<N 

J 

• 

3 

O' 

Q 

ro 

O 

X 

II 

a 

CO 

£jJ 

cu 

a>  ££ 


r-t^r-cococoaD^ocoaNrococsJco^TCNoc^cococo 

oo^cT'Cocococor^  r-* 

<^<^a^a^<T>a^a^o>»(T><T>a>cococococcccxcococo 


mfoeonMNojojHOcn^^i^^'rofNNHHH 

r^r^r^t^r^r-f^r^r^r^cDcQvp^^xvpcDvDXvD 


ffimroronojf\cN^c\HHOOO(J'0>0^<^0><^ 

*"H  i-H  r-H  rH  r — <  r— J  r|  rl  H  H  H  H  H  i-H  O  O  O  O  O  O 

rorororofororornrococororororococorororocn 


inmmLnLnmmiriLntniDrr^^Tr^^r^r?^^ 
O^O^O^CT'CT'O^O^^CT'O^  <J\&0'0'&0'0''0>  CT»0^O^ 


<N04CNCMrsl<Nrsirs]CNlCNJfS}CNiCNirM(NrNj(NCMCNrsICN 


OCOOOOOOOOOOOCOOCOOOO 


rorn^rnrorororornrororornrorororororororo 

OOOCOOOOOOOOOOOOOOOOO 


rOi-HOfNCT'roino«Nr^cnor^ojt^rorovoroa\co 

HO(J'03MBa\(Nv£)(N(\hco(N^^inHinoMn 

OrH.-HfNrotrmr^xcfvj^fr^cNjxc^^minxrvj 


(NCNrOv£>ro«3‘0'iT> 

H  h  I  I 
I 


Oino^OiriOiAOiriOiriC^O^oiriOirio 

i  i<Mr\iroco<r*TLr> 

i  i  i  i  I  l  (  I  l 


For  explanation  of  the  notations  see  Table 


METHOD,  MODULUS 


TABLE  32 


& 


O  oooocoooooooooooo 

o  oococooooocooooco 

O'  . . 


o  OO  O’  OOOOtOOOOOOOOOO 

VO  . 

fU’innnnnnnnnronMnmn 


3 


cu 


> 

o 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro  ro 

ro 

ro 

ro 

ro 

ro 

o 

< 

in 

in 

in 

in 

in 

in 

in 

in 

in 

in 

in 

in  in 

in 

in 

in 

in 

in 

o 

S 

NT 

• 

• 

0 

0 

# 

0 

0 

0 

0 

0 

0  0 

0 

0 

0 

0 

0 

o 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro 

ro  ro 

ro 

ro 

ro 

ro 

ro 

• 

uJ 

CM 

uj 

3 

ii 

Du 

CM 

cu 

o 

CM 

CM 

CM 

CM 

CM 

CM 

eg 

eg 

eg 

CM 

cm  eg 

CM 

CM 

CJ 

eg 

CM 

a 

2 

O 

VO  vO  VO 

vo 

vO 

vo 

VO 

VO  vO 

VO 

vo  VO 

ID 

vo 

ID 

VO 

IO 

\ 

o 

ro 

• 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0  0 

0 

0 

0 

0 

0 

co 

H 

CM 

CM 

CM 

ca 

eg 

CM 

CM 

eg 

CM 

CM 

cm  eg 

CM 

eg 

CM 

CM 

eg 

30 

a 

a 

J 

cu 

Eh 

a 

£ 

o 

< 

£ 

o 

eg 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM  CM 

CM 

eg 

CM 

eg 

CM 

O 

CO 

m 

in 

in  in 

in 

in  in 

in 

in 

in 

in 

in  in 

in 

in  in 

in 

in 

«u 

o 

2 

r— 1 

• 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0  0 

0 

0 

0 

0 

0 

Q 

o 

J 

*H 

»H 1 

rH 

»— t 

»— 1 

»“H 

pH 

»— i 

rH 

i—i 

rH  rH 

#— 1 

r— l 

rH 

pH 

rH 

O 

• 

a 

'ZZ 

ID 

a 

Eh 

NT 

o 

Cu 

£ 

£ 

II 

O 

NT 

NT 

NT 

NT 

NT 

NT 

NT 

NT  NT 

NT 

NT 

O' 

a 

o 

CM 

<N 

eg 

eg 

CM 

eg 

CM 

CM 

CM 

CM 

eg  cm 

CM 

CM 

CS] 

CM 

CM 

•** 

rH 

• 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0  0 

0 

0 

0 

0 

0 

•e> 

pH 

pH 

»H 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH  rH 

f~ 1 

i-i 

pH 

«H 

pH 

o 

Cvl 

II 

<N 

£ 


o 

in 

VDlOVOVDlDlDlOlOVDlOlOlOlDlOlDVOlO 

II  oooooooooooococoo 

................. 

(N  rl  r I  H  H  r I  i— I  r— I  f-H  f— I  rH  *— I  r-H  i — I  H  H  H 

cu 


<J  in  m  vo 

\  r-.  in  m 

x  h  n  m 

<  .  .  . 


co 

cu 

cu  o  m  o 

<d  ce  ^  n  n 

U  III 
Cu 

o 


co  n  in  o  03  o  t 
in  ro  in  o  r-  o  co 
Is  03  H  ^  lO  o  n 


H  H  r((N  IN 


in  o  m  o  in  o  in 

(N  IN  rt  r-l  | 

I  I  I  I 


io  nt  o  m  nt  ro  o 

in  co  co  cjv  io  v  vo 

co  *r  m  nt  nt  ro  co 


cn  co  ^  in  < — i  cn 

r-l  CM 


O  m  o  m  o  in  o 

fHNNniO'I 


c. 

U,  s 

o 

cu  a 


explanation  of  the  notations  see  Table 


^\Ovo\x>vpiri^no©vOinro(N(NHHHHo>H 


n 


u 

> 

O 

< 

o 

2 

o 

• 

u 

rsi 

J 

z> 

II 

u. 

oa 

c c 

a 

z 

N 

o 

W 

H 

Z) 

a 

a 

u 

u 

o 

Eh 

Q 

Cl. 

O 

< 

c-> 

T. 

o 

CO 

u 

•fc 

ro 

ID 

uJ 

Q 

cm 

J 

m 

O 

• 

3 

< 

I 

C 

E H 

Eh 

cn 

O 

U 

X 

£ 

ii 

vDvOvO  kO  lTi  U">  CO  rsicHO  C>  CO  r-  r'l^VOVOVDvD 
vovovo  v£>  *>0  kO  cO  c£>  co^o^oi/iuimmininuiinui 

fonnnrtncii’ini'ii'imi’mcinnnnrti*) 


oooooooo'cr>Cheocor'r^r~vovovDcovoco 

[^t''[^t^t,'-r^t~COijDC0vDvOCOvOC0cOcDvOC0VDVD 

(MrM(N(N(\lrM<NeM<MCSIfMfMfMOjrM(N{N|CMrslfSI(N 


inifiiniAinifiiTitinifiifiininifiifunininiflininin 


inininifiif)»nu^inin>ninininiriiriiriinir>iniDir> 

f\lfM<N<N<N<N<NOg(N<NfN(N(N<N(Nf\l(M(MCNtMrM 


^VOCPVD^VOVOVDOVDVOCP 

ooooooooooooooooooooo 


<NocovDinu3a\,T(Ninsror-^rrocoo(Tioo'<-< 
o<Nmvr\r^O'i-i^Tr^  0’3,<Tiiri'3'c^aoroO'-tr^in 

r-(<-ii-i  c\i<Nc\im^rinr'-cMr^CT'(yiO 

H  (Nl  ^  H  H 
<H  I  I 
I 


OiTOUlOiTOi/lOKlOKlOifiOifiOifiOifiO 
ifiT<T(nfo<N(NHH  t  r-tMrM(Nnn^,,q,in 

i  l  l  l  I  l  i  I  I 


OlDCT'inindTOOdTlDCT'INlDdrt'^CO 

oni^^Hicmor^rNinr^iOdrom 


Oincodrinrr>r"<7\drr-coof'r>[^ro 

OiniDr~d},coc'<3^CT'CDr-~r^iOinin 

,— i,_ir\lrd*7<T^',Td,dr''3,d3',3'Hl'HT 


u 

> 

r- 

< 

o 

2 

• 

3 

3 

H 

3 

b 

>H 

•d 

ClI 

\ 

Z 

X 

o 

W 

<1 

3 

(X 

3 

DO 

3 

Eh 

Q 

Cn 

df 

O 

< 

m 

£ 

o 

dr 

W 

DJ 

r- 

3 

3 

Q 

« 

3 

O 

d" 

3 

< 

ac 

in 

Q 

Eh 

Eh 

O 

U 

II 

£ 

£ 

oa3^Hr^oot^'T<Np-(<T'Ccr'>£'i3in 

HHnnneini'H'lNNNNNN 


fHc^mr-t^<To<MO'-i^r<^vDrorH 

OdT<'d»-lt'-'<3,rS(OC^COr~'lOlDlDl£> 


H  (M  n  m  N  N  (\l  (Nt-t>-ll-H>-lrHnHr-( 


fsiini-i’TiriOr-imiNc^r^'Din'T'T 

OHTfCOI/lCniNINHHHHHH 

*-H  lOMHHrtHHHHHHHHH 


lOt^r-H.-tipoOdr'-HOcocorHr^iDio 

Ot^r'^ffNr-l^rHr-IOOOOOO 

hi\hhhhhhhhhhhhh 


HHINrtMnmtniNINNINtNININ 

f\ir^<N^oooooooooco 


^O'TinHlTOtNOinHCOO'IVON' 

I’iNOO'rtfllHOnOCOOlOlNin 

r\iiocT'ino>'3'<NOoor^indrdr<,'r>c\i 

r>  r'-  ro  r\i  ^-h  f-n  *—i  * — i 

in 


inoinoinoinomoinoinoin 

1*1  nN  IN  Hrt  |  H  HIN  N  dd 

I  I  I  I  I  I 


METHOD,  MODULUS 


For  explanation  of  the  notations  see  Table  34. 
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